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Resistance functions for two spherical particles with Navier’s slip boundary condition in general linear flows,
including rigid translation, rigid rotation, and strain, at low Reynolds numberare derived by the method of
reflections as well as twin multipole expansions. In the solutions, particle radii and slip lengths can be chosen
independently. In the course of calculations, single-sphere problem withslip boundary condition is solved by
Lamb’s general solution and the expression of multipole expansions, and Fax́en’s laws of force, torque, and
stresslet for slip particle are also derived. The solutions of two-body problem are confirmed to recover the
existing results for the no-slip limit and the case of equal scaled slip lengths.
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I. INTRODUCTION

According to increasing scientific interests in micro- and
nanofluidics and nanotechnology in recent years, fluid me-
chanics is applied to such small-scale systems, in addition
to molecular-level theories, where the characteristic Reynolds
number is generally small enough to take the Stokes approx-
imation governed by linear partial differential equations. In
fluid mechanics, historically, both no-slip and slip boundary
conditions were proposed in nineteenth century1 when the
proper boundary conditions were discussed in the first place.
Navier2 gave the slip boundary condition where the slip veloc-
ity is proportional to the tangential component of the surface
force density. For gas flows, Maxwell3 had shown that the
surface slip is related to the non-continuous nature of the gas
and the slip length is proportional to the mean-free path. For
liquids, on the other hand, from experiments at that age, the
no-slip boundary condition was accepted and since then had
been treated as a fundamental law. However, by recent exten-
sive studies on the surface slip in micro and nano scales, the
physics of the liquid-solid slip is recognized to be much more
complicated than that for gases. Actually apparent violations
of the no-slip boundary condition at the liquid-solid interface
in nano scale have been reported.1,4–6

Although the importance of the surface slip is realized, the-
oretical studies and analytical solutions for the slip boundary
condition are very limited compared with those for the no-slip
boundary condition. Basset solved the flow of single sphere
with slip surface,7 Felderhof derived Fax́en’s law and solu-
tions expressed by multipole expansions for single sphere8

and two spheres,9 Bławzdziewiczet al. showed the interac-
tion between the slip spheres and lubrication functions forthe
axisymmetric motion,10 and Luo and Pozrikidis studied two
slip spheres under the shear flow.11 Recently, the present au-
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thors extended the Stokesian dynamics method (without lu-
brication) for slip particles using multipole expansions and
Fax́en’s laws and obtained the slip dependencies for the drag
coefficient and effective viscosity.12 With no-slip boundary
condition, the problem of two spherical particles is solvedby
Jeffrey and Onishi13 and Jeffrey14 for arbitrary size ratio of
the particles in arbitrary linear flows. The extension to theslip
particles was done by Ying and Peters15 for the gas-solid sys-
tem and by Keh and Chen16 for the liquid-solid system, but
they lack the strain flows. Keh and Chen16 applied Navier’s
slip boundary condition under a condition that the ratios ofthe
slip length and radius for two particles are equal.

In this paper, we will show the exact solution of two spheres
in the form of resistance functions with arbitrary size ratio
under Navier’s slip boundary condition with arbitrary slip
lengths in general linear flows including strain and shear
flows. The present formulation is based on the no-slip case
by Jeffrey and Onishi13 and Jeffrey,14 but we will show all the
necessary equations in order that the present paper be self-
contained. We refer equations in the references as Eq. (JO-1)
for Jeffrey and Onishi,13 Eq. (J-1) for Jeffrey,14 and Eq. (KC-
1) for Keh and Chen.16

The paper is organized as follows. In Sec II, the definition
of resistance functions and Lamb’s general solution are sum-
marized. In Sec III, the solution of single sphere with slip
boundary condition is shown. In Sec IV, two-body problem is
solved first by method of reflections and then by twin multi-
pole expansions. Concluding remarks are given in Sec V.

II. FORMULAE OF STOKES FLOWS

A. Resistance Functions

At low Reynolds number, the incompressible viscous fluid
is governed by the Stokes equation

0 = −∇p+ µ∇2u, (1)



2

with the incompressibility condition

∇ · u = 0, (2)

wherep is the pressure,u is the velocity, andµ is the shear
viscosity of the fluid, Let us consider spherical particles in a
linear flowu∞ given by

u∞(x) = U∞ +Ω
∞ × x +E∞ · x, (3)

where the three constantsU∞, Ω
∞, and E∞ are the rigid

translational velocity, rigid rotational velocity, and rate of
strain of the imposed flow, respectively. According to the lin-
earity of the Stokes equation, dynamics of the particles is com-
pletely characterized by the resistance equation (or, equiva-
lently, the mobility equation, that is, the inverse of the resis-
tance equation). For two-body problem, the equation is given
[in (J-2)] by



F (1)

F (2)

T (1)

T (2)

S(1)

S(2)



= µ



A11 A12 B̃11 B̃12 G̃11 G̃12

A21 A22 B̃21 B̃22 G̃21 G̃22

B11 B12 C11 C12 H̃11 H̃12

B21 B22 C21 C22 H̃21 H̃22

G11 G12 H11 H12 M11 M12

G21 G22 H21 H22 M21 M22



·



U (1) − u∞(x1)
U (2) − u∞(x2)

Ω
(1) −Ω

∞

Ω
(2) −Ω

∞

E(1) −E∞

E(2) −E∞



,

(4)
whereF (α), T (α), andS(α) are the force, torque, and stresslet
of the particleα, andU (α), Ω(α), andE(α) are the translational
and angular velocities and strain of the particleα, respectively.
In the equation, the grand resistance matrix is decomposed
into 6× 6 submatrices. Because of the symmetry of the grand
resistance matrix, the matrices with tilde are obtained from the
counterparts as̃Bαβ = B†

βα
, G̃αβ = G†

βα
, andH̃αβ = H†

βα
, (where

† denotes the transpose) and, therefore, we need to calculate,
at least, the rest. Following Jeffrey et al.,13,14 we scale these
submatrices [in (JO-1.7a,b,c) and (J-3a,b,c)] as

Aαβ = 3π
(
aα + aβ

)
Âαβ, (5a)

Bαβ = π
(
aα + aβ

)2
B̂αβ, (5b)

Cαβ = π
(
aα + aβ

)3
Ĉαβ, (5c)

Gαβ = π
(
aα + aβ

)2
Ĝαβ, (5d)

Hαβ = π
(
aα + aβ

)3
Ĥαβ, (5e)

Mαβ =
5π
6

(
aα + aβ

)3
M̂αβ, (5f)

whereaα is the radius of particleα, and the matrices with
hat are dimensionless. From the fact that the geometry of the
problem is completely characterized by the single vectorr =

xβ − xα, these submatrices can be given by scalar functions

[in (JO-16a,b,c) and (J-4a,b,c)] as

Âαβ

i j = XA
αβeiej + YA

αβ

(
δi j − eiej

)
, (6a)

B̂αβi j = YB
αβǫi jkek, (6b)

Ĉαβ

i j = XC
αβeiej + YC

αβ

(
δi j − eiej

)
, (6c)

Ĝαβ

i jk = XG
αβ

(
eiej −

1
3
δi j

)
ek

+YG
αβ

(
eiδ jk + ejδik − 2eiejek

)
, (6d)

Ĥαβ

i jk = YH
αβ

(
eiǫ jklel + ejǫiklel

)
, (6e)

M̂αβ

i jkl =
3
2

XM
αβ

(
eiej −

δi j

3

) (
ekel −

δkl

3

)

+

YM
αβ

2

(
eiδ jl ek + ejδil ek + eiδ jkel + ejδikel

−4eiejekel

)

+

ZM
αβ

2

(
δikδ jl + δ jkδil − δi jδkl

+eiejδkl + δi j ekel + eiejekel

−eiδ jl ek − ejδil ek − eiδ jkel − ejδikel

)
, (6f)

wheree = r/|r|. The scalar functions such asXA
αβ

andYA
αβ

are called the resistance functions. We have 11 functions for
each pairαβ. From the symmetry on the exchange of particle
indicesα andβ, we have the relations [in (JO-19a) – (JO-19e)
and (J-5a) – (J-5f)] as

XA
αβ(s, λ) = XA

(3−α)(3−β)(s, λ
−1), (7a)

YA
αβ(s, λ) = YA

(3−α)(3−β)(s, λ
−1), (7b)

YB
αβ(s, λ) = −YB

(3−α)(3−β)(s, λ
−1), (7c)

XC
αβ(s, λ) = XC

(3−α)(3−β)(s, λ
−1), (7d)

YC
αβ(s, λ) = YC

(3−α)(3−β)(s, λ
−1), (7e)

XG
αβ(s, λ) = −XG

(3−α)(3−β)(s, λ
−1), (7f)

YG
αβ(s, λ) = −YG

(3−α)(3−β)(s, λ
−1), (7g)

YH
αβ(s, λ) = YH

(3−α)(3−β)(s, λ
−1), (7h)

XM
αβ(s, λ) = XM

(3−α)(3−β)(s, λ
−1), (7i)

YM
αβ(s, λ) = YM

(3−α)(3−β)(s, λ
−1), (7j)

ZM
αβ(s, λ) = ZM

(3−α)(3−β)(s, λ
−1), (7k)

where

s=
2r

a1 + a2
, λ =

a2

a1
, (8)

andr = |r|. Therefore, once we have obtained 22 resistance
functions for the particles 11 and 12, we can construct the
grand resistance matrix completely. We will see the calcula-
tions in Sec IV.
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B. Lamb’s General Solution

In this paper, we utilize Lamb’s general solution17,18 to
solve the problem. Lamb’s general solution in the exterior
region for the pressure and velocity fieldsp andu are given
by

p(r) =
∞∑

n=0

p−n−1, (9)

v(r) := u(r) − u∞ =

∞∑

n=0

{∇ × (rχ−n−1) +∇Φ−n−1}

+
1
µ

∞∑

n=1

{
−

n− 2
2n(2n− 1)

r2
∇

p−n−1

µ

+
n+ 1

n(2n− 1)
r

p−n−1

µ

}
, (10)

whereu∞ is the imposed velocity andv is the disturbance
velocity field. The solid spherical harmonicsp−n−1, Φ−n−1,
andχ−n−1 are expressed [in (JO-2.3)] by

p−n−1

µ
=

n∑

m=0

pmn
1
a

(a
r

)n+1
Ymn(θ, φ), (11a)

χ−n−1 =

n∑

m=0

qmn

(a
r

)n+1
Ymn(θ, φ), (11b)

Φ−n−1 =

n∑

m=0

vmna
(a
r

)n+1
Ymn(θ, φ), (11c)

whereYmn is the spherical harmonics defined by

Ymn(θ, φ) = Pm
n (cosθ)eimφ, (12)

with the associated Legendre functionPm
n , andpmn, qmn, and

vmn are the coefficients to be determined from the boundary
conditions.

III. SINGLE SPHERE

First, let us consider a single sphere with radiusa at the
origin. On the particle surface|r| = a, the conventional no-
slip boundary condition is given by

u(r) = U +Ω × r +E · r, (13)

whereU andΩ are the translational and rotational velocities
of the particle, respectively. Here, we also introduce the strain
tensorE of the particle surface, so that the boundary condi-
tion (13) is applicable to the deformable particle at instance of
spherical shape. For rigid spherical particle,E = 0.

A. Navier’s Boundary Condition

Navier2 proposed the slip boundary condition, where the
slip velocity on the surface is proportional to the tangential

force density, as

u(r) = U +Ω × r +E · r +
γ

µ
(I − nn) · (σ · n) , (14)

whereγ is the slip length,I is the unit tensor,n is the surface
normal (equal tor/r for sphere), andσ is the stress tensor
defined by

σ = −pI + µ
[
∇u + (∇u)†

]
. (15)

Rewriting Eq. (14) by using the disturbance fieldv and im-
posed flowu∞, we have

v −
γ

µ
t = w∆ +

γ

µ
t∞, (16)

where

w∆ = ∆U + ∆Ω × r + ∆E · r, (17)

and∆U = U −U∞, ∆Ω = Ω−Ω
∞, and∆E = E −E∞. The

disturbance partt and imposed partt∞ of the tangential force
density are defined by

t = (I − nn) · (σv · n) , (18a)

t∞ = (I − nn) · (σ∞ · n) , (18b)

where

σv
= −pI + µ

[
∇v + (∇v)†

]
, (19a)

σ∞ = µ
[
∇u∞ + (∇u∞)†

]
. (19b)

From the imposed flow in Eq. (3),t∞ becomes

t∞ =
2µ
r

(I − nn) ·E∞ · r. (20)

Note that, on the slip boundary condition (16), the left-hand
side is the disturbance quantities and the right-hand side is the
imposed quantities. Also note that, on the imposed part, the
slip contribution appears only on the flow ofE∞ , 0 as shown
in Eq. (20).

In terms of Lamb’s general solution for the disturbance field
v in Eq. (10), the corresponding surface force densityf is
given by17,18

f := σv · n

=
µ

r

∑

n

{
−(n+ 2)∇ × (rχ−n−1)

−2(n+ 2)∇Φ−n−1 (21)

+
1
µ

(n+ 1)(n− 1)
n(2n− 1)

r2
∇p−n−1 −

1
µ

2n2
+ 1

n(2n− 1)
rp−n−1

}
,

andt defined in Eq. (18a) is expressed by

t =
µ

r

∑

n

{
−(n+ 2)∇ × (rχ−n−1)

−2(n+ 2)
(
∇ −

r

r
∂r

)
Φ−n−1

+
1
µ

(n+ 1)(n− 1)
n(2n− 1)

r2
(
∇ −

r

r
∂r

)
p−n−1

}
. (22)
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1. Three Scalar Functions

In order to achieve the boundary condition for Lamb’s gen-
eral solutions, Jeffrey and Onishi13 used three scalar functions
as in Happel and Brenner,18 §3.2. Consider a general vector
field g and its surface vectorsG defined by

G(θ, φ) := g
∣∣∣∣
|r|=a

, (23)

so that

∂G

∂r
≡ 0. (24)

We define the following three scalar functions

Grad :=
r

r
·G, (25a)

Gdiv := −r∇ ·G, (25b)

Grot := r ·∇ ×G. (25c)

Obviously, the first scalarGrad is the radial componentGr =

(r/r) ·G itself. The other two,Gdiv andGrot, are related to the
tangential components (i.e., Gθ andGφ in polar coordinates),
except for the factor−2Gr on the divergence, as

Gdiv = −2Gr −

(
∂

∂θ
+

cosθ
sinθ

)
Gθ −

1
sinθ

∂Gφ

∂φ
, (26a)

Grad = S

[
−

1
sinθ

∂Gθ

∂φ
+

(
∂

∂θ
+

cosθ
sinθ

)
Gφ

]
, (26b)

whereS is +1 in the right-handed coordinates and−1 in the
left-handed coordinates. It should be noted that the divergence
of the surface vectorG is related to the 3D vector fieldg as

Gdiv = −r∇ · g
∣∣∣∣
|r|=a
+ r

∂

∂r
gr

∣∣∣∣
|r|=a

, (27)

where the substitution of|r| = a is applied after the deriva-
tives.

a. Velocity Field As a first example, consider the distur-
bance velocityv, whose surface vector is defined byV as

V (θ, φ) := v
∣∣∣∣
|r|=a

. (28)

By definition, the first scalarVrad is given byv as

Vrad :=
r

r
· V =

r

r
· v

∣∣∣∣
|r|=a

. (29a)

Becausev satisfies∇ · v = 0, Vdiv is given by

Vdiv := −r∇ · V = r
∂

∂r
vr

∣∣∣∣
|r|=a

, (29b)

from Eq. (27).Vrad is independent of its radial componentVr

as shown in Eq. (26b), so that it is simply written byv as

Vrot := r ·∇ × V = r ·∇ × v
∣∣∣∣
|r|=a

. (29c)

From Lamb’s general solution forv in Eq. (10), then, the
three scalars are obtained as in Jeffrey and Onishi.13

b. Tangential Surface ForceNext, let us considert
which is necessary for the slip boundary condition in Eq. (16).
Its surface vector is defined by

T (θ, φ) := t
∣∣∣∣
|r|=a

. (30)

The radial component oft is zero by definition as

Trad :=
r

r
· T = 0. (31a)

From Eq. (27), therefore, we have

Tdiv := −r∇ · T = −r∇ · t
∣∣∣∣
|r|=a

. (31b)

Because the rotation has no radial component for an arbitrary
vector field, we can use the bare surface forcef for the bound-
ary condition for the tangential forcet as

Trot := r ·∇ × T = r ·∇ × t
∣∣∣∣
|r|=a
= r ·∇ × f

∣∣∣∣
|r|=a

. (31c)

Using Lamb’s general solution in Eq. (22), the three scalar
components fort are given by

r i

r
ti = 0, (32a)

−r∇ · t = −µ
∑

n

[
2n(n+ 1)(n+ 2)

r2
Φ−n−1

−
(n+ 1)2(n− 1)

2n− 1
p−n−1

µ

]
, (32b)

r ·∇ × t = −
µ

r

∑

n

(n+ 2)n(n+ 1)χ−n−1. (32c)

c. Disturbance Part Three scalars forV are obtained
by Eqs. (29a), (29b), and (29c), and the slip contribution
−(γ/µ)T by Eqs. (32a), (32b), and (32c). Substituting Lamb’s
solution (10) with the expansions in Eqs. (11a), (11b), and
(11c) and puttingr = a, the three scalars of the disturbance
part, i.e., the left-hand side, of the slip boundary condition
(16) are given by
(
V −

γ

µ
T

)

rad

=

∞∑

n=0

n∑

m=0

[−(n+ 1)vmn

+
n+ 1

2(2n− 1)
pmn

]
Ymn(θ, φ), (33a)

(
V −

γ

µ
T

)

div

=

∞∑

n=0

n∑

m=0

[
(n+ 1)(n+ 2)

(
1+ 2n̂γ

)
vmn

−
n(n+ 1)
2(2n− 1)

(
1+

2(n+ 1)(n− 1)
n

γ̂

)
pmn

]

Ymn(θ, φ), (33b)
(
V −

γ

µ
T

)

rot

=

∞∑

n=0

n∑

m=0

n(n+ 1)
(
1+ (n+ 2)̂γ

)
qmnYmn(θ, φ),

(33c)

where the scaled slip lengtĥγ is defined by

γ̂ :=
γ

a
. (34)
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d. Imposed Part Let us look at the three components for
the vectorw∆ in Eq. (17). Note that the divergence is zero as
shown by

∂iw
∆

i = ǫi jk∆Ω jδik + ∆Ei jδi j = 0, (35)

becauseEkk = 0. Therefore, we need to calculate the diver-
gence component through the derivative of the radial velocity
(as forv). The three components forw∆ are then given by

r i

r
w∆i =

r i

r
∆Ui +

r ir j

r
∆Ei j , (36a)

r j∂ j
r i

r
w∆i =

r ir j

r
∆Ei j , (36b)

r iǫi jk∂ jw
∆

k = 2r i∆Ωi . (36c)

We use the identityǫi jkǫ jkl = 2δil for the last equation. For
t∞, the three components are given as in the following. The
normal component is zero by definition as

r i

r
t∞i = 0. (37)

The rotation is also vanished as

r iǫi jk∂ j t
∞
k = 2µr iǫi jk∂ j

(
δkl

rm

r
−

rkr lrm

r3

)
E∞lm = 0. (38)

Because the normal component is zero (as fort), the diver-
gence component is obtained through the divergence as

−r∂i t
∞
k = −2µr∂i

(
δi j

rk

r
−

r ir jrk

r3

)
E∞jk = 6µ

r jrk

r2
E∞jk, (39)

where we useE∞kk = 0.
Define the surface vector of the right-hand side of the slip

boundary condition (16) by

W :=

(
w∆ +

γ

µ
t∞

)∣∣∣∣∣∣
|r|=a

. (40)

The three scalars forW are then given by

Wrad = ei∆Ui + eieja∆Ei j , (41a)

Wdiv = eieja∆Ei j + 6̂γeiejaE∞i j , (41b)

Wrot = 2eia∆Ωi , (41c)

wheree = r/r.

2. Recurrence Relations

Let us introduce the spherical harmonics expansion for the
three components of the imposed part by

Wrad =

∞∑

n=0

n∑

m=0

χmnYmn(θ, φ), (42a)

Wdiv =

∞∑

n=0

n∑

m=0

ψmnYmn(θ, φ), (42b)

Wrot =

∞∑

n=0

n∑

m=0

ωmnYmn(θ, φ). (42c)

From Eqs. (41a), (41b), and (41c), the coefficientsχmn, ψmn,
and ωmn are given by the parameters∆U , ∆Ω, ∆E, and
E∞. Therefore, by the boundary condition (16) at the surface
|r| = a with the scalars of the disturbance fields in Eqs. (33a),
(33b), and (33c), the coefficients (pmn,qmn, vmn) are given by
the boundary condition (χmn, ψmn, ωmn) as

pmn =
2n− 1
n+ 1

Γ0,2n+1ψmn

+
(n+ 2)(2n− 1)

n+ 1
Γ2n,2n+1χmn, (43a)

vmn =
1

2(n+ 1)
Γ0,2n+1ψmn

+
n

2(n+ 1)
Γ2(n+1)(n−1)/n,2n+1χmn, (43b)

qmn =
1

n(n+ 1)
Γ0,n+2ωmn, (43c)

where

Γm,n =
1+ m̂γ
1+ n̂γ

. (44)

Note that in the no-slip (̂γ = 0) and perfect-slip (̂γ = ∞)
limits, Γm,n reduces to

Γm,n =


1 for γ̂ = 0,
m/n for γ̂ = ∞.

(45)

B. Single Body Solutions

In the following, we solve single-body problem with the
slip boundary condition through Eqs. (43a), (43b), and (43c).

1. Translating Sphere

Consider the translating sphere with the velocityU =

(0,0,U), which is given by

χm,n = Uδ0mδ1n. (46)

Substituting the condition (46) into the recurrence relations
(43a), (43b), and (43c), we have the solution

pmn =
3
2

UΓ2,3δm0δn1, (47a)

vmn =
1
4

UΓ0,3δm0δn1, (47b)

qmn = 0. (47c)

The force acting on the particle is given by the coefficient of
Lamb’s general solution [in (JO-2.10)] as

F = 4πµa
[
p01ẑ − p11 (x̂ + iŷ)

]
, (48)

wherex̂, ŷ, andẑ are the unit vectors inx, y, andzdirections,
respectively. Therefore, the force on the sphere translating
with the velocityU in zdirection is

F = 6πµaΓ2,3Uẑ. (49)
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This is identical to the result by Basset.7 (See also Lamb,17

Art. 337, 3◦ and Felderhof.8) Substituting the coefficients
(47a), (47b), and (47c) into Lamb’s general solution in Eq.
(10) and rewriting the parameterU by the strength of the force
F through Eq. (49), the disturbance field is given by

v =
1

8πµ

(
1+ Γ0,2

a2

6
∇2

)
J · F , (50)

whereJ is the Oseen-Burgers tensor given by

Ji j (r) =
1
r

(
δi j +

r ir j

r2

)
. (51)

2. Rotating Sphere

For theΩ problem,Wrot in Eq. (41c) is the only non-zero
component. Consider the sphere with the angular velocity
Ω = (0,0,Ω), which reduces to

ωm,n = 2aΩδ0mδ1n. (52)

Substituting the condition (46) into the recurrence relations
(43a), (43b), and (43c), we have the solution

pmn = 0, (53a)

vmn = 0, (53b)

qmn = aΩΓ0,3δm0δn1. (53c)

The torque acting on the particle is given by the coefficient of
Lamb’s general solution [in (JO-2.11)] as

T = 8πµa2 [
q01ẑ − q11 (x̂ + iŷ)

]
. (54)

Therefore, the torque on the sphere rotating with the angular
velocityΩ in zdirection is

T = 8πµa3
Γ0,3Ωẑ. (55)

This is consistent with the result by Felderhof8 and Padma-
vathi et al.19 Note that the torqueT would vanish for the
sphere with the perfect-slip surface (forγ̂ = ∞). Substituting
the coefficients (53a), (53b), and (53c) into Lamb’s general
solution in Eq. (10) and using Eq. (55), the disturbance field
is given by

v =
1

8πµ
R · T , (56)

where

Ri j (r) := ǫi jk
rk

r3
. (57)

3. Sphere in Shear Flow

For the E problem, we have two non-zero components.
Here we assume the rigid sphere, so thatE = 0 and from
Eqs. (41a), (41b), and (41c),

Wrad = −eiejaE∞i j , (58a)

Wdiv = −eiejaE∞i j
(
1− 6̂γ

)
, (58b)

Wrot = 0. (58c)

Let us consider the strain given by

−E∞i j = E

(
ẑi ẑj −

1
3
δi j

)
. (59)

This is achieved by

χm,n =
2
3

aEδ0mδ2n, (60a)

ψm,n =
2
3

aE
(
1− 6̂γ

)
δ0mδ2n. (60b)

Substituting the boundary conditions (60a) and (60b) into the
recurrence relations (43a), (43b), and (43c), we have the solu-
tion

pmn =
10
3

aEΓ2,5δm0δn2, (61a)

vmn =
1
3

aEΓ0,5δm0δn2, (61b)

qmn = 0. (61c)

The stresslet acting on the particle is given by the coefficient
of Lamb’s general solution [in (J-6)] as

S = 2πµa2

{
p02

(
ẑẑ −

1
3
I

)

−p12 [x̂ẑ + ẑx̂ + i (ŷẑ + ẑŷ)]

+2p22 [x̂x̂ − ŷŷ + i (x̂ŷ + ŷx̂)]} . (62)

Therefore, the stresslet on the sphere in the shear flow with
the parameterE is

S =
20
3
πµa3
Γ2,5E. (63)

This is identical to the result by Felderhof.8 Note that this has
the following two extremes

S =


20
3 πµa3E for γ̂ = 0 (no-slip),
8
3πµa3E for γ̂ = ∞ (perfect-slip).

(64)

These yield to the effective viscosityµ∗ up toO(φ) in the two
limits as

µ∗

µ
=


1+ 5

2φ for no-slip particles,
1+ φ for perfect-slip particles,

(65)

whereφ is the volume fraction. From Batchelor,20 the effec-
tive viscosity for the dispersions of fluid droplets is givenby

µ∗

µ
= 1+ φ


µ + 5

2 µ̄

µ + µ̄

 , (66)

whereµ is the viscosity of the fluid surrounding the droplets
and µ̄ is the viscosity of the fluid inside the droplets. This
gives the same extremes as

µ∗

µ
=


1+ 5

2φ for µ̄ = ∞ (rigid particles),
1+ φ for µ̄ = 0 (bubbles),

(67)
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as expected. Substituting the coefficients (61a), (61b), and
(61c) into Lamb’s general solution in Eq. (10) and using Eq.
(63), the disturbance field is given by

v = −
1

8πµ

(
1+ Γ0,2

a2∇2

10

)
K : S, (68)

where

Ki jk (r) = −3
r ir jrk

r5
. (69)

IV. TWO-BODY PROBLEM

Now, we study two-body problem. We will determine 22
resistance functions mentioned in Sec. II A. Following Jeffrey
et al.,13,14we write these functions in terms of the coefficients
fm and determine the coefficients. Here we summarize the
definitions of the coefficients:XA

αβ
are given [in (JO-3.13) and

(JO-3.14)] by

XA
11(s, λ) =

∞∑

m=0,even

f XA
m

[(1+ λ)s]m , (70a)

XA
12(s, λ) =

−2
1+ λ

∞∑

m=1,odd

f XA
m

[(1+ λ)s]m , (70b)

YA
αβ

[in (JO-4.13) and (JO-4.14)] by

YA
11(s, λ) =

∞∑

m=0,even

f YA
m

[(1+ λ)s]m , (71a)

YA
12(s, λ) =

−2
1+ λ

∞∑

m=1,odd

f YA
m

[(1+ λ)s]m , (71b)

YB
αβ

[in (JO-5.3) and (JO-5.4)] by

YB
11(s, λ) =

∞∑

m=1,odd

f YB
m

[(1+ λ)s]m , (72a)

YB
12(s, λ) =

−4
(1+ λ)2

∞∑

m=0,even

f YB
m

[(1+ λ)s]m , (72b)

XC
αβ

[in (JO-6.7) and (JO-6.8)] by

XC
11(s, λ) =

∞∑

m=0,even

f XC
m

[(1+ λ)s]m , (73a)

XC
12(s, λ) =

−8
(1+ λ)3

∞∑

m=1,odd

f XC
m

[(1+ λ)s]m , (73b)

YC
αβ

[in (JO-7.7) and (JO-7.8)] by

YC
11(s, λ) =

∞∑

m=0,even

f YC
m

[(1+ λ)s]m , (74a)

YC
12(s, λ) =

8
(1+ λ)3

∞∑

m=1,odd

f YC
m

[(1+ λ)s]m , (74b)

XG
αβ

[in (J-18a,b)] by

XG
11(s, λ) =

∞∑

m=1,odd

f XG
m

[(1+ λ)s]m , (75a)

XG
12(s, λ) =

−4
(1+ λ)2

∞∑

m=2,even

f XG
m

[(1+ λ)s]m , (75b)

YG
αβ

[in (J-26a,b)] by

YG
11(s, λ) =

∞∑

m=1,odd

f YG
m

[(1+ λ)s]m , (76a)

YG
12(s, λ) =

−4
(1+ λ)2

∞∑

m=0,even

f YG
m

[(1+ λ)s]m , (76b)

YH
αβ

[in (J-34a,b)] by

YH
11(s, λ) =

∞∑

m=0,even

f YH
m

[(1+ λ)s]m , (77a)

YH
12(s, λ) =

8
(1+ λ)3

∞∑

m=1,odd

f YH
m

[(1+ λ)s]m , (77b)

XM
αβ

[in (J-47a,b)] by

XM
11(s, λ) =

∞∑

m=0,even

f XM
m

[(1+ λ)s]m , (78a)

XM
12(s, λ) =

8
(1+ λ)3

∞∑

m=1,odd

f XM
m

[(1+ λ)s]m , (78b)

YM
αβ

[in (J-63a,b)] by

YM
11(s, λ) =

∞∑

m=0,even

f YM
m

[(1+ λ)s]m , (79a)

YM
12(s, λ) =

8
(1+ λ)3

∞∑

m=1,odd

f YM
m

[(1+ λ)s]m , (79b)

ZM
αβ

[in (J-78a,b)] by

ZM
11(s, λ) =

∞∑

m=0,even

f ZM
m

[(1+ λ)s]m , (80a)

ZM
12(s, λ) =

−8
(1+ λ)3

∞∑

m=1,odd

f ZM
m

[(1+ λ)s]m . (80b)

Before proceeding to the full calculation of the coefficients
by twin multipole expansions (shown later in Sec IV B), we
first derive lower coefficients by simpler formulation called
the method of reflections.
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A. Method of Reflections

Let us consider two particlesα = 1 and 2, whose centers,
radii, and slip lengths are given byxα, aα, andγα, respec-
tively. The scaled slip length for particleα is defined by

γ̂α :=
γα

aα
. (81)

1. Faxén’s Laws

From Eqs. (50), (56), and (68) in the previous section,
the disturbance velocity field at positionx caused by a sin-
gle sphereα atxα with slip lengthγα is given by

v(x) =
1

8πµ

[(
1+ Γ(α)

0,2

a2
α

6
∇2

)
J (x − xα) · F (α)

+R(x − xα) · T (α)

−

(
1+ Γ(α)

0,2

a2
α∇

2

10

)
K(x − xα) : S(α)

]
, (82)

where

Γ
(α)
m,n :=

1+ m̂γα
1+ n̂γα

, (83)

and the forceF (α), torqueT (α), and stressletS(α) on the sphere
are given by

F (α)
= 6πµaαΓ

(α)
2,3U

(α), (84a)

T (α)
= 8πµa3

αΓ
(α)
0,3Ω

(α), (84b)

S(α)
=

20
3
πµa3

αΓ
(α)
2,5E

(α). (84c)

(See Eqs. (49), (55), and (63) in the previous section.) Read-
ing Eq. (82) as multipole expansion of the velocity field,
Fax́en’s laws for slip sphere are derived as

F (α)
= 6πµaαΓ

(α)
2,3

[
U (α) −

(
1+ Γ(α)

0,2

a2
α

6
∇2

)
u′(xα)

]
, (85)

T (α)
= 8πµa3

αΓ
(α)
0,3

[
Ω

(α) −
1
2

(
∇ × u′

)
(xα)

]
, (86)

S(α)
=

20
3
πµa3

αΓ
(α)
2,5

[
E(α)

−

(
1+ Γ(α)

0,2

a2
α∇

2

10

)
1
2

(
∇u′ + (∇u)†

)
(xα)

]
, (87)

whereu′ is the velocity field in absent of particleα. For later
use, we rewrite Eq. (82) in the resistance form by replacing
F (α), T (α), andS(α) by U (α), Ω(α), andE(α) from Eqs. (84a),
(84b), and (84c) as

u(x) =
3aα
4
Γ

(α)
2,3

(
1+ Γ(α)

0,2

a2
α

6
∇2

)
J (x − xα) ·U (α)

+a3
αΓ

(α)
0,3R(x − xα) ·Ω(α)

−
5a3

α

6
Γ

(α)
2,5

(
1+ Γ(α)

0,2

a2
α∇

2

10

)
K(x − xα) : E(α).(88)

2. Translating Spheres in Axisymmetric Motion

Here we set the relative vector between particle 1 and 2 in
zdirection as

r := x2 − x1 = (0,0, r). (89)

For the functionXA, we set the velocity of the particle 1 par-
allel tor as

U (1)
= (0,0,U(1)). (90)

From Fax́en’s law for the force in Eq. (85) with the distur-
bance field by Eq. (88) with Eq. (90), we have the force on
the particle 2 due to the translating particle 1 as

F(2)
i = 6πµa2Γ

(2)
2,3U(2)

i

−6πµa2


3
2
Γ

(2)
2,3Γ

(1)
2,3

a1

r
−

1
2
Γ

(2)
2,3Γ

(1)
0,3

a3
1

r3

−
1
2
Γ

(2)
0,3Γ

(1)
2,3

a1a2
2

r3

 U(1)δiz. (91)

In terms of the scalar functionsXA
αβ

, the force is expressed by

F(2)
i = 6πµa2XA

22(s, λ)U(2)δiz

+3πµ(a2 + a1)XA
21(s, λ)U(1)δiz, (92)

wheresandλ are defined in Eq. (8). Therefore,

XA
22(s, λ) = Γ(2)

2,3, (93a)

XA
21(s, λ) =

−2λ
1+ λ


3Γ(2)

2,3Γ
(1)
2,3

(1+ λ)s
−

4Γ(2)
2,3Γ

(1)
0,3 + 4λ2

Γ
(2)
0,3Γ

(1)
2,3

(1+ λ)3s3

 .

(93b)

From the symmetry ofXA
αβ

in Eq. (7a), we have

XA
12(s, λ) =

−2
1+ λ


3λΓ(1)

2,3Γ
(2)
2,3

(1+ λ)s
−

4λ3
Γ

(1)
2,3Γ

(2)
0,3 + 4λΓ(1)

0,3Γ
(2)
2,3

(1+ λ)3s3

 .

(94)

From the expression ofXA
12 by the coefficients f XA

k in Eq.
(70b), we have

f XA
1 = 3Γ(1)

2,3Γ
(2)
2,3λ, (95a)

f XA
3 = −4λΓ(1)

0,3Γ
(2)
2,3 − 4λ3

Γ
(1)
2,3Γ

(2)
0,3. (95b)

For the self partXA
11, we have

f XA
0 = Γ

(1)
2,3. (95c)

These coefficients (and those for the rest of the functions be-
low) will be compared with the results by twin multipole ex-
pansions in Sec. IV B.

From Fax́en’s law for the torque in Eq. (86), we have the
torque on the particle 2 due to the translating particle 1 as

T(2)
i = 0, (96)
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becauseΩα
= 0 in the present problem and∂ ju

(1)
k is symmet-

ric about the indicesj, k. This is consistent that there is noXB

function.
From Fax́en’s law for the stresslet in Eq. (87),

S(2)
i j =

20
3
πµa3

2Γ
(2)
2,5E(2)

i j

−
20
3
πµa3

2

−
9
4

a1

r2
Γ

(2)
2,5Γ

(1)
2,3 +

9
4

a3
1

r4
Γ

(2)
2,5Γ

(1)
0,3

+
27a1a2

2

20r4
Γ

(2)
0,5Γ

(1)
2,3

 U(1)

(
δizδ jz −

δi j

3

)
. (97)

In terms of the scalar functionsXG
αβ

, the stresslet is expressed
by

S(2)
i j = µπ (a2 + a1)2 XG

21U
(1)

(
δizδ jz −

1
3
δi j

)
, (98)

so that

XG
21 =

−4λ3

(1+ λ)2

[
−

15
(1+ λ)2s2

Γ
(2)
2,5Γ

(1)
2,3 +

60
(1+ λ)4s4

Γ
(2)
2,5Γ

(1)
0,3

+
36λ2

(1+ λ)4s4
Γ

(2)
0,5Γ

(1)
2,3

]
. (99)

From the symmetry ofXG
αβ

in Eq. (7f), we have

XG
12 =

−4
(1+ λ)2


15λΓ(1)

2,5Γ
(2)
2,3

(1+ λ)2s2
−

60λ3
Γ

(1)
2,5Γ

(2)
0,3 + 36λΓ(1)

0,5Γ
(2)
2,3

(1+ λ)4s4

 .

(100)
From the expression ofXG

12 by the coefficients f XG
k in Eq.

(75b), we have

f XG
0 = 0, (101a)

f XG
2 = 15Γ(1)

2,5Γ
(2)
2,3λ, (101b)

f XG
4 = −36λΓ(1)

0,5Γ
(2)
2,3 − 60λ3

Γ
(1)
2,5Γ

(2)
0,3. (101c)

3. Translating Spheres in Asymmetric Motion

Next, we study the asymmetric motion, that is, the velocity
U (1) is in y-direction as

U (1)
= (0,U(1),0)t. (102)

Note that, forr = (0,0, r), we have

Âαβ ·U
(β)
=



YA
αβ

U(β)
x

YA
αβ

U(β)
y

XA
αβ

U(β)
z


, (103)

from Eq. (6a).
From Fax́en’s law for the force in Eq. (85) with the distur-

bance field by Eq. (88) with Eq. (102), we have the force on

the particle 2 due to the translating particle 1 as

F(2)
i = 6πµa2Γ

(2)
2,3U(2)

i − 6πµa2

(
3a1

4r
Γ

(2)
2,3Γ

(1)
2,3

+
1
4

a3
1

r3
Γ

(2)
2,3Γ

(1)
0,3 +

a2
2

4
a1

r3
Γ

(2)
0,3Γ

(1)
2,3

 U(1)δiy. (104)

In terms of the scalar functionsYA
αβ

, the force is expressed by

F(2)
i = 6πµa2YA

22(s, λ)U(2)δiy

+3πµ(a2 + a1)YA
21(s, λ)U(1)δiy. (105)

Therefore,

YA
22(s, λ) = Γ(2)

2,3, (106a)

YA
21(s, λ) = −

2λ
1+ λ

(
3
2

1
(1+ λ)s

Γ
(2)
2,3Γ

(1)
2,3

+
2

(1+ λ)3s3

(
Γ

(2)
2,3Γ

(1)
0,3 + λ

2
Γ

(2)
0,3Γ

(1)
2,3

))
. (106b)

From the symmetry ofYA
αβ

in Eq. (7b), we have

YA
11(s, λ) = Γ(1)

2,3, (107a)

YA
12(s, λ) = −

2
1+ λ

(
3
2

λ

(1+ λ)s
Γ

(1)
2,3Γ

(2)
2,3

+
2

(1+ λ)3s3

(
λ3
Γ

(1)
2,3Γ

(2)
0,3 + λΓ

(1)
0,3Γ

(2)
2,3

))
. (107b)

From the expression ofYA
12 by the coefficients f YA

k in Eq.
(71b), we have

f YA
0 = Γ

(1)
2,3, (108a)

f YA
1 =

3
2
Γ

(1)
2,3Γ

(2)
2,3λ, (108b)

f YA
3 = 2Γ(1)

2,3Γ
(2)
0,3λ

3
+ 2Γ(1)

0,3Γ
(2)
2,3λ. (108c)

From Fax́en’s law for the torque in Eq. (86), we have the
torque on the particle 2 due to the translating particle 1 as

T(2)
i = −6πµa3

2
a1

r2
Γ

(2)
0,3Γ

(1)
2,3U(1)δix. (109)

In terms of the scalar functionsYB
αβ

, the torque is expressed by

T(2)
i = 4πµa2

2YB
22δixU(2)

+ πµ(a2 + a1)2YB
21δixU(1).(110)

Therefore,

YB
22 = 0, (111a)

YB
21 =

−4
(1+ λ)2

6λ3

(1+ λ)2s2
Γ

(2)
0,3Γ

(1)
2,3. (111b)

From the symmetry ofYB
αβ

in Eq. (7c), we have

YB
11 = 0, (112a)

YB
12 =

−4
(1+ λ)2

−6λ
(1+ λ)2s2

Γ
(1)
0,3Γ

(2)
2,3. (112b)
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From the expression ofYB
11 andYB

12 by the coefficients f YB
k in

Eqs. (72a) and (72b), we have

f YB
0 = 0, (113a)

f YB
1 = 0, (113b)

f YB
2 = −6λΓ(1)

0,3Γ
(2)
2,3. (113c)

From Fax́en’s law for the stresslet in Eq. (87), the stresslet
is given by

S(2)
i j =

20
3
πµa3

2Γ
(2)
2,5


3a3

1

4r4
Γ

(1)
0,3 + Γ

(2)
0,2

a2

10
9a1

2r4
Γ

(1)
2,3



×U(1)
(
δiyδ jz + δ jyδiz

)
. (114)

Note that

S(2)
i j = 4πµa2

2G
22
i jkU(2)

k + πµ(a2 + a1)2G21
i jkU(1)

k , (115)

and

G(αβ)
i jk Uk = YG

αβ

(
δizδ jy + δ jzδiy

)
U, (116)

for e = (0,0,1) andU = (0,U,0), we have

YG
22 = 0, (117a)

YG
21 =

20λ2

(1+ λ)2

(
4λ

(1+ λ)4s4
Γ

(2)
2,5Γ

(1)
0,3

+
12
5

λ3

(1+ λ)4s4
Γ

(2)
0,5Γ

(1)
2,3

)
. (117b)

From the symmetry ofYG
αβ

in Eq. (7g), we have

YG
11 = 0, (118a)

YG
12 =

−4
(1+ λ)2

(
20λ3

(1+ λ)4s4
Γ

(1)
2,5Γ

(2)
0,3

+
12λ

(1+ λ)4s4
Γ

(1)
0,5Γ

(2)
2,3

)
. (118b)

From the expression ofYG
12 by the coefficients f YG

k in Eq.
(76b), we have

f YG
0 = 0, (119a)

f YG
2 = 0, (119b)

f YG
4 = 20λ3

Γ
(1)
2,5Γ

(2)
0,3 + 12λΓ(1)

0,5Γ
(2)
2,3. (119c)

4. Ω Problem

Consider the influence of the particle 1 rotating with the
angular velocityΩ(1). In the two-body problem withr =
(0,0, r), we set the angular velocityΩ(1) for the axisymmetric
case by

Ω
(1)
i = Ω

(1)δiz, (120a)

and for the asymmetric case by

Ω
(1)
i = Ω

(1)δiy. (120b)

a. Torque in Axisymmetric MotionFrom Fax́en’s law
for the torque in Eq. (86) with the disturbance field by Eq.
(88) with Eq. (120a), we have the torque on the particle 2 due
to the translating particle 1 as

T(2)
i = 8πµa3

2Γ
(2)
0,3Ω

(2)
i − 8πµa3

2Γ
(2)
0,3

a3
1

r3
Γ

(1)
0,3δizΩ

(1). (121)

In terms of the scalar functionsXC
αβ

, the torque is expressed
by

T(2)
i = 8πµa3

2XC
22Ω

(2)δiz + πµ(a2 + a1)3XC
21Ω

(1)δiz.(122)

Therefore,

XC
22 = Γ

(2)
0,3, (123a)

XC
21 = −

8λ3

(1+ λ)3

8
(1+ λ)3s3

Γ
(2)
0,3Γ

(1)
0,3. (123b)

From the symmetry ofXC
αβ

in Eq. (7d), we have

XC
12(λ) = −

8
(1+ λ)3

8λ3

(1+ λ)3s3
Γ

(1)
0,3Γ

(2)
0,3. (124)

From the expression ofXC
12 by the coefficients f XC

k in Eq.
(73b), we have

f XC
0 = Γ

(1)
0,3, (125a)

f XC
1 = 0, (125b)

f XC
3 = 8λ3

Γ
(1)
0,3Γ

(2)
0,3. (125c)

b. Torque in Asymmetric MotionFor the asymmetric
motion, from Fax́en’s law for the torque in Eq. (86) with the
disturbance field by Eq. (88) with Eq. (120b), we have the
torque on the particle 2 due to the translating particle 1 as

T(2)
i = 8πµa3

2Γ
(2)
0,3Ω

(2)
i + 4πµa3

2Γ
(2)
0,3Γ

(1)
0,3

a3
1

r3
δiyΩ

(1). (126)

In terms of the scalar functionsYC
αβ

, the torque is expressed by

T(2)
i = 8πµa3

2YC
22Ω

(2)δiy + πµ(a2 + a1)3YC
21Ω

(1)δiy. (127)

Therefore,

YC
22 = Γ

(2)
0,3, (128a)

YC
21 =

4λ3

(1+ λ)3
Γ

(2)
0,3Γ

(1)
0,3

8
(1+ λ)3s3

. (128b)

From the symmetry ofYC
αβ

in Eq. (7e), we have

YC
12(λ) =

4
(1+ λ)3

Γ
(1)
0,3Γ

(2)
0,3

8λ3

(1+ λ)3s3
. (129)

From the expression ofYC
12 by the coefficients f YC

k in Eq.
(74b), we have

f YC
1 = 0, (130a)

f YC
3 = 4λ3

Γ
(1)
0,3Γ

(2)
0,3. (130b)
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c. Stresslet Because∂ ju
(1)
i for the axisymmetric motion

is anti-symmetric fori and j, there is no contribution for the
stresslet. For the asymmetric motion, from Faxén’s law for
the stresslet in Eq. (87) with the disturbance field by Eq. (88),

S(2)
i j = 10πµa3

2

a3
1

r3
Γ

(2)
2,5Γ

(1)
0,3

(
δizδ jx + δixδ jz

)
Ω

(1). (131)

The stresslet is given by

πµ(a2 + a1)3H(21)
i jk Ω

(1)
k , (132)

and

H(21)
i jk Ω

(1)
k = YH

21

(
δizδ jx + δ jzδix

)
Ω

(1), (133)

for r = (0,0, r) andΩ(1)
k = Ω

(1)δky. Therefore,

YH
21 =

10
(1+ λ)3

8
(1+ λ)3s3

Γ
(2)
2,5Γ

(1)
0,3. (134)

From the symmetry ofYH
αβ

in Eq. (7h), we have

YH
12 =

10
(1+ λ)3

8λ3

(1+ λ)3s3
Γ

(1)
2,5Γ

(2)
0,3. (135)

From the expression ofYH
12 by the coefficients f YH

k in Eq.
(77b), we have

f YH
1 = 0, (136a)

f YH
3 = 10λ3

Γ
(1)
2,5Γ

(2)
0,3. (136b)

5. E Problem

From Fax́en’s law for the stresslet in Eq. (87),

S(2)
i j =

20
3
πµa3

2Γ
(2)
2,5

[
E(2)

i j

−

1+ Γ(2)
0,2

a2
2∇

2

10


1
2

[
∂iu

(1)
j + ∂ ju

(1)
i

]
(x2)

 . (137)

We will see the second term which relates to the resistance
functionsXM

12, YM
12, andZM

12. Let us define three types of strain
by

EX
kl = EX

(
δkzδlz −

δkl

3

)
, (138a)

EY
kl = EY (δkzδlx + δkxδlz) , (138b)

EZ
kl = EZ

(
δkxδlx − δkyδly

)
, (138c)

which correspond to the scalar functionsXM
αβ

, YM
αβ

, andZM
αβ

,
respectively.

a. Function XM Substituting the disturbance field in Eq.
(88) with EX

kl in Eq. (138a) into the second term in Eq. (137),
we have

20
3
πµa3

2


5a3

1

r3
Γ

(2)
2,5Γ

(1)
2,5

−
6
r5

(
a5

1Γ
(2)
2,5Γ

(1)
0,5 + a2

2a3
1Γ

(2)
0,5Γ

(1)
2,5

)]

×

(
δizδ jz −

δi j

3

)
EX. (139)

In terms of the scalar functionXM
21, it is written by

5
6
πµ(a2 + a1)3XM

21

(
δizδ jz −

δi j

3

)
EX. (140)

Therefore,

XM
21 = 8

λ3

(1+ λ)3

[
40

(1+ λ)3s3
Γ

(2)
2,5Γ

(1)
2,5

−
192

(1+ λ)5s5

(
Γ

(2)
2,5Γ

(1)
0,5 + λ

2
Γ

(2)
0,5Γ

(1)
2,5

)]
. (141)

From the symmetry ofXM
αβ

in Eq. (7i), we have

XM
12 =

8
(1+ λ)3

[
40λ3

(1+ λ)3s3
Γ

(1)
2,5Γ

(2)
2,5

−
192

(1+ λ)5s5

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)]
. (142)

From the expression ofXM
12 by the coefficients f XM

k in Eq.
(78b), we have

f XM
1 = 0, (143a)

f XM
3 = 40λ3

Γ
(1)
2,5Γ

(2)
2,5, (143b)

f XM
5 = −192

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)
. (143c)

b. Function YM Substituting the disturbance field in Eq.
(88) with EY

kl in Eq. (138b) into the second term in Eq. (137),
we have

20
3
πµa3

2

−
5
2

a3
1

r3
Γ

(2)
2,5Γ

(1)
2,5

+
4
r5

(
a5

1Γ
(2)
2,5Γ

(1)
0,5 + a2

2a3
1Γ

(2)
0,5Γ

(1)
2,5

)]

×
(
δixδ jz + δizδ jx

)
EY. (144)

In terms of the scalar functionYM
21, it is written by

5
6
πµ(a2 + a1)3YM

21

(
δizδ jx + δixδ jz

)
EY. (145)

Therefore,

YM
21 = 8

λ3

(1+ λ)3

[
−

20
(1+ λ)3s3

Γ
(2)
2,5Γ

(1)
2,5

+
128

(1+ λ)5s5

(
Γ

(2)
2,5Γ

(1)
0,5 + λ

2
Γ

(2)
0,5Γ

(1)
2,5

)]
. (146)
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From the symmetry ofYM
αβ

in Eq. (7j), we have

YM
12 =

8
(1+ λ)3

[
−

20λ3

(1+ λ)3s3
Γ

(1)
2,5Γ

(2)
2,5

+
128

(1+ λ)5s5

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)]
. (147)

From the expression ofYM
12 by the coefficients f YM

k in Eq.
(79b), we have

f YM
1 = 0, (148a)

f YM
3 = −20λ3

Γ
(1)
2,5Γ

(2)
2,5, (148b)

f YM
5 = 128

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)
. (148c)

c. Function ZM Substituting the disturbance field in Eq.
(88) with EZ

kl in Eq. (138c) into the second term in Eq. (137),
we have

−
20
3
πµa3

2
1
r5

(
a5

1Γ
(2)
2,5Γ

(1)
0,5 + a2

2a3
1Γ

(2)
0,5Γ

(1)
2,5

) (
δixδ jx − δiyδ jy

)
EZ.

(149)
In terms of the scalar functionZM

21, it is written by

5
6
πµ(a2 + a1)3ZM

21

(
δixδ jx − δiyδ jy

)
EZ. (150)

Therefore,

ZM
21 = −8

λ3

(1+ λ)3

32
(1+ λ)5s5

(
Γ

(2)
2,5Γ

(1)
0,5 + λ

2
Γ

(2)
0,5Γ

(1)
2,5

)
. (151)

From the symmetry ofZM
αβ

in Eq. (7k), we have

ZM
12 =

−8
(1+ λ)3

32
(1+ λ)5s5

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)
. (152)

From the expression ofZM
12 by the coefficients f ZM

k in Eq.
(80b), we have

f ZM
1 = 0, (153a)

f ZM
3 = 0, (153b)

f ZM
5 = 32

(
λ5
Γ

(1)
2,5Γ

(2)
0,5 + λ

3
Γ

(1)
0,5Γ

(2)
2,5

)
. (153c)

B. Twin Multipole Expansions

First, we outline the derivation of equations among coeffi-
cients (pmn,qmn, vmn) and (ψmn, χmn, ωmn) for the slip spheres.

1. Outline

In Sec. III, the problem of single slip sphere has been
solved by Lamb’s general solution in Eq. (10) through three
scalars of the surface vector on the both sides of the slip
boundary condition in Eq. (16). Jeffrey et al.13,14 solved two-
sphere problem with no-slip boundary condition,i.e., (16)
with γ = 0. To complete the boundary condition for two slip

spheres, we need to obtain the tangential force density caused
by particle (3− α) on the surface of particleα. Let us denote
it by t′(α) as

t′
(α) :=

(
I − n(α)n(α)

)
·
(
σ(3−α) · n(α)

)
, (154)

wheren(α) is the surface normal of particleα (r(α)/rα for
sphere) andσ(3−α) is the disturbance part of the stress caused
by particle (3− α) given by

σ(3−α)
= −p(3−α)I + µ

[
∇v(3−α)

+

(
∇v(3−α)

)†]
. (155)

Here, p(3−α) andv(3−α) are expressed by Lamb’s solution in
Eqs. (9) and (10), respectively. Becauseσ(3−α) ·n(α)

, f (3−α),
we cannot use the expression in Eq. (21).

Following similar calculations by Jeffrey and Onishi13 for
the disturbance velocityv caused by (3− α) particle onα
particle,σ(3−α) can be expressed by the spherical harmonics
with respect to the particleα by the transformation [in (JO-
2.1)]
(
aα
rα

)n+1

Ymn (θα, φ) =
(aα

r

)n+1 ∞∑

s=m

(
n+ s
s+m

) ( r3−α

r

)s
Yms(θ3−α, φ) ,

(156)
and the following relations [in (JO-2.7)]

rα = r̂3−α (r3−α − r cosθ3−α) + θ̂3−αr sinθ3−α (157a)

r2
α = r2

3−α + r2 − 2r3−αr cosθ3−α. (157b)

After substituting the expansions for the solid spherical har-
monics p(3−α)

−n−1 , Φ(3−α)
−n−1 , andχ(3−α)

−n−1 in Eqs. (11a), (11b), and
(11c), the three scalars of the surface vector oft′(α) are ob-
tained by the summations forYmn(θα, φ). Combining the re-
sults fort′(α) with those for the single sphere in Eqs. (43a),
(43b), and (43c) and the corresponding results forv given by
Jeffrey and Onishi,13 we have three equations for the coeffi-
cients, corresponding to Eqs. (JO-2.9a), (JO-2.9b), and (JO-
2.9c) for the no-slip case, as

ψ(α)
mn− (n− 1)

(
1− 2(n+ 1)̂γα

)
χ(α)

mn

= (n+ 1)(2n+ 1)
(
1+ 2̂γα

)
v(α)

mn−
n+ 1

2
p(α)

mn

+

∞∑

s=m

(
n+ s
n+m

)
tn−1
α ts

3−α
n

2n+ 3
(
1− (2n+ 1)̂γα

)
p(3−α)

ms t2α,

(158a)

ψ(α)
mn+ (n+ 2)

(
1+ 2n̂γα

)
χ(α)

mn

=
n+ 1
2n− 1

(
1+ (2n+ 1)̂γα

)
p(α)

mn+

∞∑

s=m

(
n+ s
n+m

)
tn−1
α ts

3−α

×
[
i(−1)αm(2n+ 1)

(
1+ 2̂γα

)
q(3−α)

ms t3−α

+n(2n+ 1)
(
1+ 2̂γα

)
v(3−α)

ms t23−α

+
2n+ 1
2n− 1

(
1+ 2̂γα

)

×
ns(n+ s− 2ns− 2)−m2(2ns− 4s− 4n+ 2)

2s(2s− 1)(n+ s)
p(3−α)

ms

+
n
2

p(3−α)
ms t2α

]
, (158b)
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ω(α)
mn = n(n+ 1)

(
1+ (n+ 2)̂γα

)
q(α)

mn

+

∞∑

s=m

(
n+ s
n+m

)
tnαts

3−α
(
1− (n− 1)̂γα

)

×

[
−nsq(3−α)

ms t3−α + i(−1)α
m
s

p(3−α)
ms

]
, (158c)

where

tα :=
aα
r
. (159)

Here, we extend (JO-2.9a) and (JO-2.9b) for the slip particles
keeping the properties that all terms except forp(3−α)

mn in the
summation are vanished in Eq. (158a) andv(α)

mn is eliminated
in Eq. (158b).

Note that Keh and Chen16 take a different form for the
first equation, that is,ψ(α)

mn−
(
(n− 1)+ (2n2

+ 1)̂γα
)
χ

(α)
mn in Eq.

(KC-20a). Although they are mathematically equivalent, Eq.
(158a) is simpler and we will use it later in this paper. Also
note that there are typos in Keh and Chen16 at Eqs. (KC-
20a,b,c) wherêβ−1

(3−α) (̂γ(3−α) in the present notation) should

be replaced bŷβ−1
(α). If we look at the slip boundary condition

from which these three equations are derived, it is obvious that
only the slip length of particleα would appear there. It should
be noted that the results such as coefficients fk in Keh and
Chen16 are correct, because they took a simplification that the
scaled slip lengths for two particles are the same asγ̂1 = γ̂2 in
the present notation.

2. Recurrence Relations

For resistance functions, the boundary conditions are given
completely byχmn, ψmn, andωmn, which are independent of
the distance between the particler and thereforetα and t3−α.
This means that the coefficientsPnpq, Vnpq, andQnpq of the
(p,q)-term in the expansion bytp

αtq3−α (see, for example, Eqs.
(163a) and (163b) in the following) are solved by the recur-
rence relations forp ≥ 0 andq ≥ 0 with the initial condition
for p = 0 andq = 0. Therefore, we split the above three equa-
tions into two parts, the initial conditions and the recurrence
relations. The initial conditions are

p(α)
mn =

2n− 1
n+ 1

Γ
(α)
0,2n+1ψ

(α)
mn

+
(n+ 2)(2n− 1)

n+ 1
Γ

(α)
2n,2n+1χ

(α)
mn, (160a)

2(2n+ 1)v(α)
mn =

2
n+ 1

Γ
(α)
0,2ψ

(α)
mn−

2(n− 1)
(n+ 1)

Γ
(α)
−2(n+1),2χ

(α)
mn

+Γ
(α)
0,2p(α)

mn, (160b)

q(α)
mn =

1
n(n+ 1)

Γ
(α)
0,n+2ω

(α)
mn. (160c)

The recurrence relations are

p(α)
mn =

∞∑

s=m

(
n+ s
n+m

)

×

[
−i(−1)αm

(2n+ 1)(2n− 1)
n+ 1

Γ
(α)
2,2n+1q(3−α)

ms tn−1
α ts+1

3−α

−
n(2n+ 1)(2n− 1)

n+ 1
Γ

(α)
2,2n+1v(3−α)

ms tn−1
α ts+2

3−α

−
2n+ 1
n+ 1

ns(n+ s− 2ns− 2)−m2(2ns− 4s− 4n+ 2)
2s(2s− 1)(n+ s)

×Γ
(α)
2,2n+1p(3−α)

ms tn−1
α ts

3−α

−
n(2n− 1)
2(n+ 1)

Γ
(α)
0,2n+1p(3−α)

ms tn+1
α ts

3−α

]
, (161a)

2(2n+ 1)v(α)
mn = Γ

(α)
0,2p(α)

mn (161b)

−

∞∑

s=m

(
n+ s
n+m

)
2n

(n+ 1)(2n+ 3)
Γ

(α)
−(2n+1),2p(3−α)

ms tn+1
α ts

3−α,

q(α)
mn =

∞∑

s=m

(
n+ s
n+m

) [
s

(n+ 1)
Γ

(α)
−(n−1),n+2q(3−α)

ms tnαts+1
3−α

−i(−1)α
m

ns(n+ 1)
Γ

(α)
−(n−1),n+2p(3−α)

ms tnαts
3−α

]
. (161c)

It should be noted that the initial conditions are independent
of m, while the recurrence relations are not. Therefore, the
initial conditions are the same forX (m = 0), Y (m = 1), and
Z (m = 2) functions for each problems (translating, rotating,
or in the shear).

Note that the recurrence relations haveα-dependent quan-
tity Γ(α), so that we need to solve the coefficientsPnpq, Vnpq,
andQnpq for α as well as 3−α, while, for the no-slip case, the
coefficients forα and 3− α are identical.

The results shown in the following are obtained by the
program implemented on an open source computer algebra
system called “Maxima” (http://maxima.sourceforge.
net/), so that the results are exact. The program is relatively
slow due to its symbolic calculation and the coefficients are
obtained up tok = 20, at least. We also implement a code in
C with floating-point variables where the parametersaα and
γα must be given by numbers for the calculation. With this
code, we can obtain the coefficients aroundk = 100.

C. X Functions (m= 0)

For the case ofm = 0, q(α) andq(3−α) are decoupled with
others.

1. XA Function

The boundary condition for theXA problem is given by

χ(α)
mn = Uδm0δn1, ψ(α)

mn = 0, ω(α)
mn = 0. (162)
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To obtain the coefficients for each order of the power ofr, we
expand the coefficients [in (JO-3.4) and (JO-3.5)] as

p(α)
0n =

3
2

U
∞∑

p=0

∞∑

q=0

P(α)
npqt

p
αtq3−α, (163a)

v(α)
0n =

3
2

U
∞∑

p=0

∞∑

q=0

V(α)
npq

2(2n+ 1)
tp
αtq3−α. (163b)

Substituting the expansions, we have the initial conditions for
p = 0 andq = 0 from Eqs. (160a) and (160b) by

P(α)
n00 = δn1Γ

(α)
2,3, V(α)

n00 = δn1Γ
(α)
0,3, (164)

and the recurrence relations forp ≥ 0 andq ≥ 0 from Eqs.
(161a) and (161b) by

P(α)
npq =

∞∑

s=0

(
n+ s

n

)

×

[
−

n(2n− 1)(2n+ 1)
2(n+ 1)(2s+ 1)

Γ
(α)
2,2n+1V(3−α)

s(q−s−2)(p−n+1)

−
n(2n+ 1)(n+ s− 2ns− 2)

2(n+ 1)(n+ s)(2s− 1)
Γ

(α)
2,2n+1P(3−α)

s(q−s)(p−n+1)

−
n(2n− 1)
2(n+ 1)

Γ
(α)
0,2n+1P(3−α)

s(q−s)(p−n−1)

]
. (165a)

V(α)
npq = Γ

(α)
0,2P(α)

npq (165b)

−

∞∑

s=0

(
n+ s

n

)
2n

(n+ 1)(2n+ 3)
Γ

(α)
−(2n+1),2P(3−α)

s(q−s)(p−n−1).

Note that the initial conditions correspond to Eqs. (KC-26a,b)
and the recurrence relations except forV(α)

npq to Eqs. (KC-
27a,c). Equation (163b) is simpler than the corresponding
equation in Keh and Chan (KC-27b), because we use the sim-
pler recurrence relation in Eq. (158a).

The coefficient f XAα
k is defined [in (JO-3.15)] by

f XAα
k := 2k

k∑

q=0

P(α)
1(k−q)qλ

q. (166)

Here we see a slight difference from the no-slip case. This is
because of theα dependence ofP(α)

npq, and the coefficient f XAα
k

also depends onα. The explicit forms up tok = 7 are

f XA1
0 =

(
Γ

(1)
2,3

)
, (167a)

f XA1
1 = λ

(
3Γ(1)

2,3Γ
(2)
2,3

)
, (167b)

f XA1
2 = λ

(
9(Γ(1)

2,3)2
Γ

(2)
2,3

)
, (167c)

f XA1
3 = λ

(
−4Γ(1)

0,3Γ
(2)
2,3

)

+ λ2
(
27(Γ(1)

2,3)2(Γ(2)
2,3)2

)

+ λ3
(
−4Γ(2)

0,3Γ
(1)
2,3

)
, (167d)

f XA1
4 = λ

(
−24Γ(1)

0,3Γ
(1)
2,3Γ

(2)
2,3

)

+ λ2
(
81(Γ(1)

2,3)3(Γ(2)
2,3)2

)

+ λ3
(
12(Γ(1)

2,3)2(5Γ(2)
2,5 − 2Γ(2)

0,3)
)
, (167e)

f XA1
5 = λ2

(
36Γ(1)

2,3(Γ(2)
2,3)2(5Γ(1)

2,5 − 3Γ(1)
0,3)

)

+ λ3
(
243(Γ(1)

2,3)3(Γ(2)
2,3)3

)

+ λ4
(
36(Γ(1)

2,3)2
Γ

(2)
2,3(5Γ(2)

2,5 − 3Γ(2)
0,3)

)
, (167f)

f XA1
6 = λ

(
16(Γ(1)

0,3)2
Γ

(2)
2,3

)

+ λ2
(
108(Γ(1)

2,3)2(Γ(2)
2,3)2(5Γ(1)

2,5 − 4Γ(1)
0,3)

)

+ λ3
(
−Γ

(1)
2,3(480Γ(1)

0,3Γ
(2)
2,5 − 729(Γ(1)

2,3)3(Γ(2)
2,3)3

−32Γ(1)
0,3Γ

(2)
0,3)

)

+ λ4
(
216(Γ(1)

2,3)3
Γ

(2)
2,3(5Γ(2)

2,5 − 2Γ(2)
0,3)

)

+ λ5
(
16(Γ(1)

2,3)2(126Γ(2)
2,7 − 90Γ(2)

0,5 + 5Γ(2)
0,2Γ

(2)
0,3

+4Γ(2)
−3,2)/5

)
, (167g)

f XA1
7 = λ2

(
48(Γ(2)

2,3)2(126Γ(1)
2,3Γ

(1)
2,7 − 70Γ(1)

0,3Γ
(1)
2,5

−45Γ(1)
0,5Γ

(1)
2,3 + 15(Γ(1)

0,3)2
+ 4Γ(1)

−3,3)/5
)

+ λ3
(
1620(Γ(1)

2,3)2(Γ(2)
2,3)3(2Γ(1)

2,5 − Γ
(1)
0,3)

)

+ λ4
(
3Γ(1)

2,3Γ
(2)
2,3(800Γ(1)

2,5Γ
(2)
2,5 − 560Γ(1)

0,3Γ
(2)
2,5

−560Γ(2)
0,3Γ

(1)
2,5 + 729(Γ(1)

2,3)3(Γ(2)
2,3)3
+ 96Γ(1)

0,3Γ
(2)
0,3)

)

+ λ5
(
1620(Γ(1)

2,3)3(Γ(2)
2,3)2(2Γ(2)

2,5 − Γ
(2)
0,3)

)

+ λ6
(
48(Γ(1)

2,3)2(126Γ(2)
2,3Γ

(2)
2,7 − 70Γ(2)

0,3Γ
(2)
2,5 − 45Γ(2)

0,5Γ
(2)
2,3

+15(Γ(2)
0,3)2
+ 4Γ(2)

−3,3)/5
)
. (167h)

The results are identical to those obtained by method of reflec-
tions in Eqs. (95c), (95a), and (95b) for the terms containing
one or twoΓ’s, because only the first influence from the par-
ticles 1 to 2 is taken and the higher reflections are missing in
the present calculation of the method of reflections. There-
fore, f XA1

2 andλ2 term in f XA
3 do not appear.

Also the results reduce to those by Jeffrey and Onishi13 in
the no-slip limit γ̂ = 0, and those by Keh and Chen16 in the
case of̂γ1 = γ̂2. Therefore, they also reduce to those by Het-
sroni and Haber21 in the perfect slip limit̂γ = ∞.
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2. XG Function

With the same recurrence relations and the initial condition
for XA, that is, for the translating particles, the functionXG is
obtained from the coefficient P2pq for the stresslet instead of
P1pq for the force.

In this case, the coefficient f XGα
k is defined by

f XGα
k :=

(
3
4

)
2k

k∑

q=0

P(α)
2(k−q)qλ

q. (168)

The explicit forms up tok = 7 are

f XG1
0 = 0, (169a)

f XG1
1 = 0, (169b)

f XG1
2 = λ

(
15Γ(2)

2,3Γ
(1)
2,5

)
, (169c)

f XG1
3 = λ

(
45Γ(1)

2,3Γ
(2)
2,3Γ

(1)
2,5

)
, (169d)

f XG1
4 = λ

(
−36Γ(1)

0,5Γ
(2)
2,3

)

+ λ2
(
135Γ(1)

2,3(Γ(2)
2,3)2
Γ

(1)
2,5

)

+ λ3
(
−60Γ(2)

0,3Γ
(1)
2,5

)
, (169e)

f XG1
5 = λ

(
−12Γ(2)

2,3(5Γ(1)
0,3Γ

(1)
2,5 + 9Γ(1)

0,5Γ
(1)
2,3)

)

+ λ2
(
405(Γ(1)

2,3)2(Γ(2)
2,3)2
Γ

(1)
2,5

)

+ λ3
(
120Γ(1)

2,3Γ
(1)
2,5(5Γ(2)

2,5 − 2Γ(2)
0,3)

)
, (169f)

f XG1
6 = λ2

(
36(Γ(2)

2,3)2(25(Γ(1)
2,5)2 − 10Γ(1)

0,3Γ
(1)
2,5 − 9Γ(1)

0,5Γ
(1)
2,3)

)

+ λ3
(
1215(Γ(1)

2,3)2(Γ(2)
2,3)3
Γ

(1)
2,5

)

+ λ4
(
900Γ(1)

2,3Γ
(2)
2,3Γ

(1)
2,5(2Γ(2)

2,5 − Γ
(2)
0,3)

)
, (169g)

f XG1
7 = λ

(
144Γ(1)

0,3Γ
(1)
0,5Γ

(2)
2,3

)

+ λ2
(
108Γ(1)

2,3(Γ(2)
2,3)2(25(Γ(1)

2,5)2 − 15Γ(1)
0,3Γ

(1)
2,5 − 9Γ(1)

0,5Γ
(1)
2,3)

)

+ λ3
(
−3(800Γ(1)

0,3Γ
(1)
2,5Γ

(2)
2,5 + 960Γ(1)

0,5Γ
(1)
2,3Γ

(2)
2,5

−1215(Γ(1)
2,3)3(Γ(2)

2,3)3
Γ

(1)
2,5

−80Γ(1)
0,3Γ

(2)
0,3Γ

(1)
2,5 − 48Γ(2)

0,3Γ
(1)
0,5Γ

(1)
2,3)

)

+ λ4
(
1620(Γ(1)

2,3)2
Γ

(2)
2,3Γ

(1)
2,5(5Γ(2)

2,5 − 2Γ(2)
0,3)

)

+ λ5
(
48Γ(1)

2,3Γ
(1)
2,5(126Γ(2)

2,7 − 90Γ(2)
0,5 + 5Γ(2)

0,2Γ
(2)
0,3

+4Γ(2)
−3,2)

)
. (169h)

The results are identical to those obtained by method of re-
flections in Eqs. (101a), (101b), and (101c) for the terms con-
taining one or twoΓ’s as similar toXA. The results reduce to
those by Jeffrey14 in the no-slip limit̂γ = 0.

3. XC Function

The functionXC gives the torque for the rotating particles
in the axisymmetric case (m = 0). The boundary condition is
given by

χ(α)
mn = 0, ψ(α)

mn = 0, ω(α)
mn = 2Uδm0δn1. (170)

Note thatQnpq is decoupled withPnpq andVnpq for m = 0.
Using the expansion [in (JO-6.4)]

q(α)
0n = U

∞∑

p=0

∞∑

q=0

Q(α)
npqt

p
αtq3−α, (171)

we have the initial condition forp = 0 andq = 0 from Eq.
(160c) by

Qn00 = δn1Γ
(α)
0,3, (172)

and the recurrence relation forp ≥ 0 andq ≥ 0 from Eq.
(161c) by

Q(α)
npq =

∞∑

s=0

(
n+ s

n

)
s

(n+ 1)
Γ

(α)
−(n−1),n+2Q(3−α)

s(q−s−1)(p−n). (173)

The coefficient f XCα
k is defined by

f XCα
k := 2k

k∑

q=0

Q(α)
1(k−q)qλ

q+ j , (174)

where j = 0 for evenk and j = 1 for oddk. The explicit forms
up tok = 11 are

f XC1
0 =

(
Γ

(1)
0,3

)
, (175a)

f XC1
1 = 0, (175b)

f XC1
2 = 0, (175c)

f XC1
3 = λ3

(
8Γ(1)

0,3Γ
(2)
0,3

)
, (175d)

f XC1
4 = 0, (175e)

f XC1
5 = 0, (175f)

f XC1
6 = λ3

(
64(Γ(1)

0,3)2
Γ

(2)
0,3

)
, (175g)

f XC1
7 = 0, (175h)

f XC1
8 = λ5

(
768Γ(2)

−1,4(Γ(1)
0,3)2

)
, (175i)

f XC1
9 = λ6

(
512(Γ(1)

0,3)2(Γ(2)
0,3)2

)
, (175j)

f XC1
10 = λ7

(
6144Γ(2)

−2,5(Γ(1)
0,3)2

)
, (175k)

f XC1
11 = λ6

(
6144Γ(1)

−1,4Γ
(1)
0,3(Γ(2)

0,3)2
)

+ λ8
(
6144Γ(2)

−1,4(Γ(1)
0,3)2
Γ

(2)
0,3

)
. (175l)

The results are identical to those obtained by method of re-
flections in Eqs. (125a), (125b), and (125c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey
and Onishi13 in the no-slip limitγ̂ = 0 and those by Keh and
Chen16 in the case of̂γ1 = γ̂2.

4. XM Function

The functionXM gives the stresslet under a shear flow in
the axisymmetric case (m= 0). Therefore, it is derived by the
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coefficientP2pq for the stresslet from the same recurrence re-
lations forXA with a different initial condition. The boundary
condition is given by

χ(α)
mn =

2
3

aαEαδ0mδ2n, (176a)

ψ(α)
mn =

2
3

aαEα(1− 6̂γ)δ0mδ2n, (176b)

ω(α)
mn = 0, (176c)

which correspond to Eq. (J-41) with the correction due to the
slip. Using the expansion [in (J-42) and (J-43)]

p(α)
0n =

10
3

aαEα

∞∑

p=0

∞∑

q=0

P(α)
npqt

p
αtq3−α, (177a)

v(α)
0n =

10
3

aαEα

∞∑

p=0

∞∑

q=0

V(α)
npq

2(2n+ 1)
tp
αtq3−α, (177b)

the initial conditions forPnpq andVnpq are given from Eqs.
(160a) and (160b) by

P(α)
n00 = δ2nΓ

(α)
2,5, V(α)

n00 = δ2nΓ
(α)
0,5. (178)

The coefficient f XMα
k is defined by

f XMα
k := 2k

k∑

q=0

P(α)
2(k−q)qλ

q+ j , (179)

where j = 0 for evenk and j = 1 for oddk. The explicit forms
up tok = 7 are

f XM1
0 =

(
Γ

(1)
2,5

)
, (180a)

f XM1
1 = 0, (180b)

f XM1
2 = 0, (180c)

f XM1
3 = λ3

(
40Γ(1)

2,5Γ
(2)
2,5

)
, (180d)

f XM1
4 = λ

(
60Γ(2)

2,3(Γ(1)
2,5)2

)
, (180e)

f XM1
5 = λ3

(
−192Γ(1)

0,5Γ
(2)
2,5

)

+ λ4
(
180Γ(1)

2,3Γ
(2)
2,3Γ

(1)
2,5Γ

(2)
2,5

)

+ λ5
(
−192Γ(2)

0,5Γ
(1)
2,5

)
, (180f)

f XM1
6 = λ

(
−288Γ(1)

0,5Γ
(2)
2,3Γ

(1)
2,5

)

+ λ2
(
540Γ(1)

2,3(Γ(2)
2,3)2(Γ(1)

2,5)2
)

+ λ3
(
160(Γ(1)

2,5)2(10Γ(2)
2,5 − 3Γ(2)

0,3)
)
, (180g)

f XM1
7 = λ4

(
48Γ(2)

2,3(50(Γ(1)
2,5)2 − 20Γ(1)

0,3Γ
(1)
2,5 − 9Γ(1)

0,5Γ
(1)
2,3)Γ(2)

2,5

)

+ λ5
(
1620(Γ(1)

2,3)2(Γ(2)
2,3)2
Γ

(1)
2,5Γ

(2)
2,5

)

+ λ6
(
48Γ(1)

2,3Γ
(1)
2,5(50(Γ(2)

2,5)2 − 20Γ(2)
0,3Γ

(2)
2,5

−9Γ(2)
0,5Γ

(2)
2,3)

)
. (180h)

The results are identical to those obtained by method of re-
flections in Eqs. (143a), (143b), and (143c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey14

in the no-slip limit̂γ = 0.

D. Y Functions (m= 1)

1. YA Functions

The boundary condition for theYA problem is given by

χ(α)
mn = (−1)αUδm1δn1, ψ(α)

mn = 0, ω(α)
mn = 0. (181)

(Note that the equation in Jeffrey and Onishi13 in p.271 lost
the factorU for χ(α)

mn.) Again, we expand the coefficients bytp
α

andtq3−α as

p(α)
1n = (−1)α

3
2

U
∞∑

p=0

∞∑

q=0

P(α)
npqt

p
αtq3−α, (182a)

v(α)
1n = (−1)α

3
2

U
∞∑

p=0

∞∑

q=0

V(α)
npq

2(2n+ 1)
tp
αtq3−α, (182b)

q(α)
1n = −iU

∞∑

p=0

∞∑

q=0

Q(α)
npqt

p
αtq3−α. (182c)

Also note that in Jeffrey and Onishi,13 the minus sign in the
right-hand side of (JO-4.5) is missing. Substituting theseex-
pansions into Eqs. (160a), (160b), and (160c), the initial con-
ditions are given by

P(α)
n00 = δn1Γ

(α)
2,3, V(α)

n00 = δn1Γ
(α)
0,3, Q(α)

n00 = 0, (183)

which correspond to (KC-37a,b,c). From Eqs. (161a), (161b),
and (161c), the recurrence relations are given by

P(α)
npq =

∞∑

s=1

(
n+ s
n+ 1

)

×

[
−

2
3

(2n+ 1)(2n− 1)
n+ 1

Γ
(α)
2,2n+1Q(3−α)

s(q−s−1)(p−n+1)

+
n(2n+ 1)(2n− 1)
2(n+ 1)(2s+ 1)

Γ
(α)
2,2n+1V(3−α)

s(q−s−2)(p−n+1)

+
2n+ 1
n+ 1

ns(n+ s− 2ns− 2)− (2ns− 4s− 4n+ 2)
2s(2s− 1)(n+ s)

Γ
(α)
2,2n+1P(3−α)

s(q−s)(p−n+1)

+
n(2n− 1)
2(n+ 1)

Γ
(α)
0,2n+1P(3−α)

s(q−s)(p−n−1)

]
. (184a)

V(α)
npq = Γ

(α)
0,2P(α)

npq (184b)

+

∞∑

s=1

(
n+ s
n+ 1

)
2n

(n+ 1)(2n+ 3)
Γ

(α)
−(2n+1),2P(3−α)

s(q−s)(p−n−1),

Q(α)
npq =

∞∑

s=1

(
n+ s
n+ 1

)

×

[
s

(n+ 1)
Γ

(α)
−(n−1),n+2Q(3−α)

s(q−s−1)(p−n)

−
3
2

1
ns(n+ 1)

Γ
(α)
−(n−1),n+2Ps(q−s)(p−n)

]
. (184c)
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Note that Eqs. (184a) and (184c) correspond to (KC-38a) and
(KC-38b), while Eq. (184b) is simpler than Eq. (KC-38c).
The coefficient f YAα

k is defined by

f YAα
k := 2k

∑

q=0

P(α)
1(k−q)qλ

q. (185)

The explicit forms up tok = 7 are

f YA1
0 =

(
Γ

(1)
2,3

)
, (186a)

f YA1
1 = λ

(
3Γ(1)

2,3Γ
(2)
2,3/2

)
, (186b)

f YA1
2 = λ

(
9(Γ(1)

2,3)2
Γ

(2)
2,3/4

)
, (186c)

f YA1
3 = λ

(
2Γ(1)

0,3Γ
(2)
2,3

)

+ λ2
(
27(Γ(1)

2,3)2(Γ(2)
2,3)2/8

)

+ λ3
(
2Γ(2)

0,3Γ
(1)
2,3

)
, (186d)

f YA1
4 = λ

(
6Γ(1)

0,3Γ
(1)
2,3Γ

(2)
2,3

)

+ λ2
(
81(Γ(1)

2,3)3(Γ(2)
2,3)2/16

)

+ λ3
(
18Γ(2)

0,3(Γ(1)
2,3)2

)
, (186e)

f YA1
5 = λ2

(
63Γ(1)

0,3Γ
(1)
2,3(Γ(2)

2,3)2/2
)

+ λ3
(
243(Γ(1)

2,3)3(Γ(2)
2,3)3/32

)

+ λ4
(
63Γ(2)

0,3(Γ(1)
2,3)2
Γ

(2)
2,3/2

)
, (186f)

f YA1
6 = λ

(
4(Γ(1)

0,3)2
Γ

(2)
2,3

)

+ λ2
(
54Γ(1)

0,3(Γ(1)
2,3)2(Γ(2)

2,3)2
)

+ λ3
(
Γ

(1)
2,3(729(Γ(1)

2,3)3(Γ(2)
2,3)3
+ 512Γ(1)

0,3Γ
(2)
0,3)/64

)

+ λ4
(
81Γ(2)

0,3(Γ(1)
2,3)3
Γ

(2)
2,3

)

+ λ5
(
4(Γ(1)

2,3)2(21Γ(2)
2,7 + 5Γ(2)

0,2Γ
(2)
0,3 + 60Γ(2)

−1,4

+4Γ(2)
−3,2)/5

)
, (186g)

f YA1
7 = λ2

(
6(Γ(2)

2,3)2(21Γ(1)
2,3Γ

(1)
2,7 + 60Γ(1)

−1,4Γ
(1)
2,3 + 35(Γ(1)

0,3)2

+4Γ(1)
−3,3)/5

)

+ λ3
(
1053Γ(1)

0,3(Γ(1)
2,3)2(Γ(2)

2,3)3/8
)

+ λ4
(
3Γ(1)

2,3Γ
(2)
2,3(729(Γ(1)

2,3)3(Γ(2)
2,3)3
+ 5632Γ(1)

0,3Γ
(2)
0,3)/128

)

+ λ5
(
1053Γ(2)

0,3(Γ(1)
2,3)3(Γ(2)

2,3)2/8
)

+ λ6
(
6(Γ(1)

2,3)2(21Γ(2)
2,3Γ

(2)
2,7 + 60Γ(2)

−1,4Γ
(2)
2,3 + 35(Γ(2)

0,3)2

+4Γ(2)
−3,3)/5

)
. (186h)

The results are identical to those obtained by method of re-
flections in Eqs. (108a), (108b), and (108c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey
and Onishi13 in the no-slip limitγ̂ = 0 and those by Keh and
Chen16 in the case of̂γ1 = γ̂2.

2. YB Functions

The problem forYB is exactly the same forYA. The differ-
ence is that the force is calculated inYA while the torque in
YB. Correspondingly, The coefficient f YBα

k is defined by

f YBα
k := 2 2k

∑

q=0

Q(α)
1(k−q)qλ

q, (187)

for Q1pq obtained by the recurrence relations forYA. The ex-
plicit forms up tok = 7 are

f YB1
0 = 0, (188a)

f YB1
1 = 0, (188b)

f YB1
2 = λ

(
−6Γ(1)

0,3Γ
(2)
2,3

)
, (188c)

f YB1
3 = λ

(
−9Γ(1)

0,3Γ
(1)
2,3Γ

(2)
2,3

)
, (188d)

f YB1
4 = λ2

(
−27Γ(1)

0,3Γ
(1)
2,3(Γ(2)

2,3)2/2
)
, (188e)

f YB1
5 = λ

(
−12(Γ(1)

0,3)2
Γ

(2)
2,3

)

+ λ2
(
−81Γ(1)

0,3(Γ(1)
2,3)2(Γ(2)

2,3)2/4
)

+ λ3
(
−36Γ(1)

0,3Γ
(2)
0,3Γ

(1)
2,3

)
, (188f)

f YB1
6 = λ2

(
−108(Γ(1)

0,3)2(Γ(2)
2,3)2

)

+ λ3
(
−243Γ(1)

0,3(Γ(1)
2,3)2(Γ(2)

2,3)3/8
)

+ λ4
(
−72Γ(1)

0,3Γ
(2)
0,3Γ

(1)
2,3Γ

(2)
2,3

)
, (188g)

f YB1
7 = λ2

(
−189(Γ(1)

0,3)2
Γ

(1)
2,3(Γ(2)

2,3)2
)

+ λ3
(
−3Γ(1)

0,3(2560Γ(1)
0,3Γ

(2)
2,5 + 243(Γ(1)

2,3)3(Γ(2)
2,3)3)/16

)

+ λ4
(
−243Γ(1)

0,3Γ
(2)
0,3(Γ(1)

2,3)2
Γ

(2)
2,3

)

+ λ5
(
48Γ(1)

0,3Γ
(1)
2,3(7Γ(2)

2,7 − 6Γ(2)
0,5 − 4Γ(2)

−1,4)
)
. (188h)

The results are identical to those obtained by method of re-
flections in Eqs. (113a), (113b), and (113c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey
and Onishi13 in the no-slip limitγ̂ = 0 and those by Keh and
Chen16 in the case of̂γ1 = γ̂2.

3. YG Function

With the same recurrence relations and the initial condition
for YA, that is, for the translating particles, the functionYG is
obtained from the coefficient P2pq for the stresslet instead of
P1pq for the force.

In this case, the coefficient f YGα
k is defined by

f YGα
k :=

(
3
4

)
2k

k∑

q=0

P(α)
2(k−q)qλ

q. (189)
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The explicit forms up tok = 7 are

f YG1
0 = 0, (190a)

f YG1
1 = 0, (190b)

f YG1
2 = 0, (190c)

f YG1
3 = 0, (190d)

f YG1
4 = λ

(
12Γ(1)

0,5Γ
(2)
2,3

)

+ λ3
(
20Γ(2)

0,3Γ
(1)
2,5

)
, (190e)

f YG1
5 = λ

(
18Γ(1)

0,5Γ
(1)
2,3Γ

(2)
2,3

)

+ λ3
(
90Γ(2)

0,3Γ
(1)
2,3Γ

(1)
2,5

)
, (190f)

f YG1
6 = λ2

(
27Γ(1)

0,5Γ
(1)
2,3(Γ(2)

2,3)2
)

+ λ4
(
135Γ(2)

0,3Γ
(1)
2,3Γ

(2)
2,3Γ

(1)
2,5

)
, (190g)

f YG1
7 = λ

(
24Γ(1)

0,3Γ
(1)
0,5Γ

(2)
2,3

)

+ λ2
(
81Γ(1)

0,5(Γ(1)
2,3)2(Γ(2)

2,3)2/2
)

+ λ3
(
−8(50Γ(1)

0,3Γ
(1)
2,5Γ

(2)
2,5 − 5Γ(1)

0,3Γ
(2)
0,3Γ

(1)
2,5 − 3Γ(2)

0,3Γ
(1)
0,5Γ

(1)
2,3)

)

+ λ4
(
405Γ(2)

0,3(Γ(1)
2,3)2
Γ

(2)
2,3Γ

(1)
2,5/2

)

+ λ5
(
8Γ(1)

2,3Γ
(1)
2,5(56Γ(2)

2,7 − 30Γ(2)
0,5 + 5Γ(2)

0,2Γ
(2)
0,3 + 40Γ(2)

−1,4

+4Γ(2)
−3,2)

)
. (190h)

The results are identical to those obtained by method of re-
flections in Eqs. (119a), (119b), and (119c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey14

in the no-slip limit̂γ = 0.

4. YC Function

The functionYC gives the torque for the rotating particles
with m = 1. Therefore, it is derived by the coefficient Q1pq

for the torque from the same recurrence relations forYA with
a different initial condition

P(α)
n00 = 0, V(α)

n00 = 0, Q(α)
n00 = δ1nΓ

(α)
0,3. (191)

In this case, the coefficient f YCα
k is defined by

f YCα
k := 2k

k∑

q=0

Q(α)
1(k−q)qλ

q+ j , (192)

where j = 0 for evenk and j = 1 for oddk. The explicit forms

up tok = 7 are

f YC1
0 =

(
Γ

(1)
0,3

)
, (193a)

f YC1
1 = 0, (193b)

f YC1
2 = 0, (193c)

f YC1
3 = λ3

(
4Γ(1)

0,3Γ
(2)
0,3

)
, (193d)

f YC1
4 = λ

(
12(Γ(1)

0,3)2
Γ

(2)
2,3

)
, (193e)

f YC1
5 = λ4

(
18Γ(1)

0,3Γ
(2)
0,3Γ

(1)
2,3Γ

(2)
2,3

)
, (193f)

f YC1
6 = λ2

(
27(Γ(1)

0,3)2
Γ

(1)
2,3(Γ(2)

2,3)2
)

+ λ3
(
16(Γ(1)

0,3)2(15Γ(2)
2,5 + Γ

(2)
0,3)

)
, (193g)

f YC1
7 = λ4

(
72(Γ(1)

0,3)2
Γ

(2)
0,3Γ

(2)
2,3

)

+ λ5
(
81Γ(1)

0,3Γ
(2)
0,3(Γ(1)

2,3)2(Γ(2)
2,3)2/2

)

+ λ6
(
72Γ(1)

0,3(Γ(2)
0,3)2
Γ

(1)
2,3

)
. (193h)

The results are identical to those obtained by method of reflec-
tions in Eqs. (130a) and (130b) for the terms containing one
or twoΓ’s. The results reduce to those by Jeffrey and Onishi13

in the no-slip limit̂γ = 0 and those by Keh and Chen16 in the
case of̂γ1 = γ̂2.

5. YH Function

With the same recurrence relations and the initial condition
for YC, that is, for the rotating particles, the functionYH is
obtained from the coefficient P2pq for the stresslet instead of
Q1pq for the torque.

In this case, the coefficient f YHα
k is defined by

f YHα
k := −

(
3
8

)
2k

k∑

q=0

P(α)
2(k−q)qλ

q+ j , (194)

where j = 0 for evenk and j = 1 for oddk. The explicit forms
up tok = 7 are

f YH1
0 = 0, (195a)

f YH1
1 = 0, (195b)

f YH1
2 = 0, (195c)

f YH1
3 = λ3

(
10Γ(2)

0,3Γ
(1)
2,5

)
, (195d)

f YH1
4 = 0, (195e)

f YH1
5 = 0, (195f)

f YH1
6 = λ

(
24Γ(1)

0,3Γ
(1)
0,5Γ

(2)
2,3

)

+ λ3
(
−40Γ(1)

0,3Γ
(1)
2,5(5Γ(2)

2,5 − 2Γ(2)
0,3)

)
, (195g)

f YH1
7 = λ4

(
36Γ(2)

0,3Γ
(1)
0,5Γ

(1)
2,3Γ

(2)
2,3

)

+ λ6
(
180(Γ(2)

0,3)2
Γ

(1)
2,3Γ

(1)
2,5

)
. (195h)

The results are identical to those obtained by method of re-
flections in Eqs. (136a) and (136b) for the terms containing
one or twoΓ’s. The results reduce to those by Jeffrey14 in the
no-slip limit γ̂ = 0.
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6. YM Function

The functionYM gives the stresslet under a shear flow for
m = 1. Therefore, it is derived by the coefficient P2pq for
the stresslet from the same recurrence relations forYA with a
different initial condition. The boundary conditions are

χ(α)
mn =

2
3

(−1)αaαEαδ1mδ2n, (196a)

ψ(α)
mn =

2
3

(−1)αaαEα(1− 6̂γ)δ1mδ2n, (196b)

ω(α)
mn = 0, (196c)

which correspond to Eq. (J-54) with the correction due to the
slip. The expansions used here are [in (J-55), (J-56), and (J-
57)]

p(α)
1n = (−1)α

10
3

aαEα

∞∑

p=0

∞∑

q=0

Pnpqt
p
αtq3−α, (197a)

v(α)
1n = (−1)α

10
3

aαEα

∞∑

p=0

∞∑

q=0

Vnpq

2(2n+ 1)
tp
αtq3−α, (197b)

q(α)
1n = −i

10
3

aαEα

∞∑

p=0

∞∑

q=0

Qnpqt
p
αtq3−α. (197c)

The initial conditions are given from Eqs. (160a), (160b), and
(160c) by

P(α)
n00 = δn2Γ

(α)
2,5, V(α)

n00 = δn2Γ
(α)
0,5, Q(α)

n00 = 0. (198)

In this case, the coefficient f YMα
k is defined by

f YMα
k := 2k

k∑

q=0

P(α)
2(k−q)qλ

q+ j , (199)

where j = 0 for evenk and j = 1 for oddk. The explicit forms
up tok = 7 are

f YM1
0 =

(
Γ

(1)
2,5

)
, (200a)

f YM1
1 = 0, (200b)

f YM1
2 = 0, (200c)

f YM1
3 = λ3

(
−20Γ(1)

2,5Γ
(2)
2,5

)
, (200d)

f YM1
4 = 0, (200e)

f YM1
5 = λ3

(
128Γ(1)

0,5Γ
(2)
2,5

)

+ λ5
(
128Γ(2)

0,5Γ
(1)
2,5

)
, (200f)

f YM1
6 = λ3

(
80(Γ(1)

2,5)2(5Γ(2)
2,5 + 3Γ(2)

0,3)
)
, (200g)

f YM1
7 = 0. (200h)

The results are identical to those obtained by method of re-
flections in Eqs. (148a), (148b), and (148c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey14

in the no-slip limit̂γ = 0.

E. Z Functions (m= 2)

The boundary conditions are given by

χ(α)
mn =

1
3

(−1)3−αaαEαδ2mδ2n, (201a)

ψ(α)
mn =

1
3

(−1)3−αaαEα(1− 6̂γ)δ2mδ2n, (201b)

ω(α)
mn = 0, (201c)

which correspond to Eq. (J-69) with the correction due to the
slip. The expansions used here are [in (J-70), (J-71), and (J-
72)]

p(α)
2n = (−1)3−α

5
3

aαEα

∞∑

p=0

∞∑

q=0

Pnpqt
p
αtq3−α, (202a)

v(α)
2n = (−1)3−α

5
3

aαEα

∞∑

p=0

∞∑

q=0

Vnpq

2(2n+ 1)
tp
αtq3−α, (202b)

q(α)
2n = i

5
3

aαEα

∞∑

p=0

∞∑

q=0

Qnpqt
p
αtq3−α. (202c)

From Eqs. (161a), (161b), and (161c), substitutingm= 2 and
the above expansions, the recurrence relations are given by

P(α)
npq =

∞∑

s=2

(
n+ s
n+ 2

)

×

[
−

2(2n+ 1)(2n− 1)
n+ 1

Γ
(α)
2,2n+1Q(3−α)

s(q−s−1)(p−n+1)

+
n(2n+ 1)(2n− 1)
2(n+ 1)(2s+ 1)

Γ
(α)
2,2n+1V(3−α)

s(q−s−2)(p−n+1)

+
2n+ 1
n+ 1

ns(n+ s− 2ns− 2)− 22(2ns− 4s− 4n+ 2)
2s(2s− 1)(n+ s)

×Γ
(α)
2,2n+1P(3−α)

s(q−s)(p−n+1)

+
n(2n− 1)
2(n+ 1)

Γ
(α)
0,2n+1P(3−α)

s(p−s)(p−n−1)

]
, (203a)

V(α)
npq = Γ

(α)
0,2P(α)

npq+

∞∑

s=2

(
n+ s
n+ 2

)

×
2n

(n+ 1)(2n+ 3)
Γ

(α)
−(2n+1),2P(3−α)

s(q−s)(p−n−1), (203b)

Q(α)
npq =

∞∑

s=2

(
n+ s
n+ 2

)

×

[
s

(n+ 1)
Γ

(α)
−(n−1),n+2Q(3−α)

s(q−s−1)(p−n)

−
2

ns(n+ 1)
Γ

(α)
−(n−1),n+2P(3−α)

s(q−s)(p−n)

]
. (203c)

The initial conditions are obtained from Eqs. (160a), (160b),
and (160c) as

P(α)
n00 = δ2nΓ

(α)
2,5, V(α)

n00 = δ2nΓ
(α)
0,5, Q(α)

n00 = 0. (204)
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In this case, the coefficient f ZMα
k is defined by

f ZMα
k := 2k

k∑

q=0

P(α)
2(k−q)qλ

q+ j , (205)

where j = 0 for evenk and j = 1 for oddk. The explicit forms
up tok = 11 are

f ZM1
0 =

(
Γ

(1)
2,5

)
, (206a)

f ZM1
1 = 0, (206b)

f ZM1
2 = 0, (206c)

f ZM1
3 = 0, (206d)

f ZM1
4 = 0, (206e)

f ZM1
5 = λ3

(
32Γ(1)

0,5Γ
(2)
2,5

)

+ λ5
(
32Γ(2)

0,5Γ
(1)
2,5

)
, (206f)

f ZM1
6 = 0, (206g)

f ZM1
7 = 0, (206h)

f ZM1
8 = λ5

(
160(Γ(1)

2,5)2(7Γ(2)
2,7 + 8Γ(2)

−1,4)/3
)
, (206i)

f ZM1
9 = 0, (206j)

f ZM1
10 = λ3

(
1024(Γ(1)

0,5)2
Γ

(2)
2,5

)

+ λ5
(
−256Γ(1)

0,5Γ
(1)
2,5(35Γ(2)

2,7 − 8Γ(2)
0,5)

)

+ λ7
(
128(Γ(1)

2,5)2(1620Γ(2)
2,9 − 525Γ(2)

0,2Γ
(2)
2,7 − 525Γ(2)

0,7

+168Γ(2)
0,2Γ

(2)
0,5 + 700Γ(2)

−2,5 + 32Γ(2)
−5,2)/21

)
, (206k)

f ZM1
11 = 0. (206l)

The results are identical to those obtained by method of re-
flections in Eqs. (153a), (153b), and (153c) for the terms con-
taining one or twoΓ’s. The results reduce to those by Jeffrey14

in the no-slip limit̂γ = 0.

V. CONCLUDING REMARKS

We have extended the calculations of resistance functions
of two spheres with arbitrary size by the method of twin mul-
tipole expansions in linear flows by Jeffrey and Onishi13 and
Jeffrey14 to the slip particles with Navier’s slip boundary con-
dition with arbitrary slip lengths. This complements the pre-
vious results of slip particles by Keh and Chen16 for the same

scaled slip lengths without strain flows. The present results
have confirmed to recover these existing results, that is, those
by Jeffreyet al.13,14 in the no-slip limit, and those by Keh and
Chen16 in the case of equal scaled slip lengths. We have also
derived the resistance functions by method of reflections and
confirmed the consistency with the twin multipole expansions.

The present solutions of two-sphere problem cover much
wider range than the previous solutions. Because the particle
radii and slip lengths can be chosen independently, the solu-
tions cover not only the problem of two bubbles (demonstrated
in Keh and Chen16) but also pair of solid particle and gas bub-
ble, for example, with arbitrary sizes.

In addition to these fundamental aspects in fluid mechan-
ics, the solutions of slip particles is quite important for ap-
plications such as micro- and nanofluidics, where the no-slip
boundary condition may break. This should be stressed, espe-
cially from the fact that the solutions of slip boundary condi-
tion are relatively limited to the no-slip case.

Using the multipole expansions and Faxén’s laws derived in
the present paper, recently the Stokesian dynamics method22

is extended to the slip particles.12 Because the lubrication cor-
rections are missing in the formulation, the applicabilityis
limited to relatively dilute configurations. The present work
is a first step of an attempt to improve the Stokesian dynamics
method for slip particles at the level of the no-slip particles.
Unfortunately, the attempt is not achieved yet, because of the
lack of lubrication theory for resistance functions of slipparti-
cles (with some exception10). Although the present solutions
are in the form of 1/r expansion, they are complete set, that
is, all 11 scalar functions for all pairs of particlesαβ. It is
hoped that the present study would help completing lubrica-
tion theory and the Stokesian dynamics method for arbitrary
slip particles.

The computer programs used in the paper and the results
of coefficients in mathematical form for higher orders (up to
k = 20) will be available on the open source project “RYUON-
twobody” (http://ryuon.sourceforge.net/twobody/).
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