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Intr oduction

Moti vation of my recentworks
To understand,extend,andjustify

the StokesianDynamicsmethod

Matrix-inversion Many-bodye� ect

(APS
�
DFD 1999;

KI & J.F.Brady, Phys.Fluids13 (2000)350)

AccurateformulationbeyondFTSversion

(APS
�
DFD 2000;KI, JFM in press)

Lubrication-correction (APS
�
DFD 2001)

What is the lubrication-corr ection?

amethodto describenearlytouchingparticles

accurately with lesscost

trick or magic(or cheating...)

anaccuratemethodwith largecost

is “multipole expansionmethod”
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Intr oduction – Goal

Goal of this work
formulatea lubrication-correctionmethod
with steadybasis

consideringphysicalconditions

usingshift operatorsfor force� velocity
moments

approximationby 2B exactsolution

fill thegapamongtheexisting works;

Stokesian Dynamics method (SD)
(Durlofsky et al., J.FluidMech.180(1987)21)

presentsa robustmethodfor lubrication.
[Q] how to justify themethod?
[Q] whereis thelimitation?

Sangani & Mo (Phys. Fluids6 (1994)1637)

presentsa “gap-expansion”for lubrication.
[Q] relationto SD?

Cichocki et al. (CEW)
(J.Chem.Phys. 111(1999)3265)

presentsanimprovementof SD lubrication.
[Q] reasonof collective-motionprojection?
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Comparisonwith other works

The presentwork
ˆ ( ) � � ˆ( ) ˆ ( )

�
g

ˆ( 2Bg)

ˆ2B � ˆ2B ˆ (2Bg)

StokesianDynamicsmethod (SD)

ˆ � ˆ ˆ ˆ ˆ ; ˆ is missing

SD is inconsistent ( ˆ is not ˆ
nor)

Cichocki et al. (CEW)
ˆ ˆ qt ˆ2B q

Sangani& Mo

treat ˆ termdirectlyby loc(g)

l̄oc � 0 is assumed.
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Formulation 1

Decompositionof forcedensity
Integral equationfor fluid velocity u(x)

u(x) � 1
8

�
S � dS (y) J(x y) f (y)

OseentensorJi j(r)  (! i j rir j " r2) " r, forcedensity f (y)

Decomposef into localized f loc andnormal f nor

y

f (y)

floc(y)

f (y)
-

floc(y)
-

fnor(y)

f � f nor
� f loc f̄ f̄ loc

� f loc

where f̄ and f̄ loc arecoarse-grainedvalues
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Formulation 2

Multipole expansion
f̄ , f̄ loc aresuitable for “center-expansion”.

f loc is suitable for “ gap-expansion”.

Expandat thecenterof particlesandthegap

u(x) � � (x x

�
) (̄ ) l̄oc( )

�
g

(x xg) loc(g)

(m)  (1" 8#%$ m!) mJ
(m)(& )  dS (y) (y x' )m f (y)

higherordersof (̄& ), (̄& ), (g) arereducible

Generalizedmobility problem

ˆ ( ) � � ˆ( ) ˆ̄ ( ) ˆ̄
loc( )

�
g

ˆ( g) ˆ
loc(g)

(n)( ( )  (1" 4# a2) dS (y) (y x) )nu(y)
(n* m)((,+-& )  (1" 4# a2) dS (y) (y x ) )n (m)(y x' )
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Approximation

Model for l̄oc( )
Theexactsolutionfor 2B problem

ˆ (1)

ˆ (2)
� ˆ2B

exact

ˆ (1)

ˆ (2)

Approximate l̄oc( ) as

ˆ̄
loc(1)

ˆ̄
loc(2)

� ˆ2B
ˆ (1)

ˆ (2)

ˆ2B � 2B
exact

ˆ2B 1

Note: ( )’sareparticle-momentswith p � 1
Model for loc(g)
Single-gapproblem

ˆ
loc(g) � ˆgap ˆ (g)

ˆgap ˆ2B

(xg; x1 + x2)  (xg + x1) (xg + x2)

(x1 + x2; xg)  1
2

(x1 + xg)

(x2 + xg)

(x y): shift operator (y) (x)
Note: � I but I
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Numerical calculations

Configurations

N � 2 N � 3 N � 4 N � 7

separationr � 2 0 3 0

Typeof problem
mobility problem(giveF T andsolveU . )

Typesof motion
collectivemotion: F � constant.

spinningmotion: T � constant.

Lubrication-corr ectionmethods
multipoleexpansions(p � 1 FTS,larger p)

StokesianDynamics(SD) � [ ]

Cichockiet al. (CEW) � qt q

this work � � ( � )
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Results– Collectivemotions
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Results– Collectivemotions2

Di erencesof U for N at r 2 5
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this work

U 1 is thevaluewith pmax.

Summary on collectivemotions
this work andCEW behavesimilarly

andarebetterthanp � 1 for all N.

SD is exactfor N � 2

but is worsethanp � 1 for N � 7 and13.

is definedby theconsistency for N � 2

andinconsistent for N 2 in general.
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Results– Spinning motions
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Results– Spinning motions2

Di erencesof for N at r 2 5
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this work

2 1 is thevaluewith pmax.

Summary on spinning motions
this work andSDbehavesimilarly

but CEW is a littl ebit di � erent

all lubricationschemesarebadfor N � 13
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Conclusions

reformulate the lubrication method

by f -decomposition,shift operators,and 2B
exact

clarify its physicalcondition

fill the gapamongthr eeworks;

Stokesian Dynamics method (SD)
[Q] how to justify themethod?
[A] formulatethemethodby decompositionof

forcedensity loc(g) is missing
[Q] whereis thelimitation?
[A] failedoncollectivemotionsfor N � 7 13

becauseof theinconsistency

Sangani & Mo

[Q] relationto SD?
[A] givenby shift operators

Cichocki et al. CEW
[Q] reasonof collective-motionprojection?
[A] gappropertiescharacterizelubrication

unsolvedquestions
collectivespinningmotions

r 2 limit on this work
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